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Design, analysis, and experimental validation of a stepped plate
parametric array loudspeaker

Woongji Kim, (3 Beomseok Oh, (% Chayeong Kim,® () and Wonkyu Moon®
Department of Mechanical Engineering, Pohang University of Science and Technology, Pohang, Gyeongbuk 37673, Republic of Korea

ABSTRACT:

This study investigates the design and analysis of a stepped plate parametric array loudspeaker (SPPAL) as an
alternative to conventional array-based parametric loudspeakers. The SPPAL utilizes a single Langevin-type ultra-
sonic transducer coupled with a flexural stepped plate to generate narrow-beam audible sound via nonlinear acoustic
interaction. To evaluate and optimize the performance of the SPPAL, an integrated modeling framework is devel-
oped, consisting of an approximate analytical three-dimensional model for transducer dynamics, an equivalence ratio
formulation to relate stepped plate and rigid piston behavior, and a spherical wave expansion method for nonlinear
sound field simulation. The dual-resonance behavior of the transducer is optimized through multi-objective analysis
to enhance low-frequency audio performance. Experimental validation includes frequency response and modal analy-
sis of the transducer, as well as sound field measurements. The analytical methods are further verified through com-
parison with experimental data. Furthermore, combination resonance—an unintended structural excitation resulting
from intermodulation—is identified as an inherent phenomenon in SPPAL operation. The findings offer practical
guidance for the development of efficient, compact, and manufacturable parametric array loudspeakers employing
plate-based flexural vibration. © 2025 Acoustical Society of America. https://doi.org/10.1121/10.0039368

(Received 23 April 2025; revised 11 August 2025; accepted 2 September 2025; published online 25 September 2025)
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NOMENCLATURE around 70dBA,’ remains a persistent challenge, owing to
the intrinsically low efficiency of nonlinear conversion,®
thereby motivating continued innovation in transducer
design and system architecture.

Traditional PAL configurations employ arrays of single-
resonance ultrasonic transducers, which offer practical advan-
tages such as flexible array geometries and the ability to
implement advanced control techniques like beam steering or
focusing. Commercially available emitters such as Murata’s
MAA40S4S are widely used due to their stable phase response
and compact form factor.’ In addition, micro-machined ultra-
sonic transducers (MUTSs), including capacitive (CMUT)!®
and piezoelectric (PMUT)'"'? types, have also been actively
investigated for PAL applications to enable miniaturized,
high-frequency arrays with improved integration capability.
However, these array-based systems are often constrained by
increased system complexity, phase-matching requirements
among multiple elements, and high implementation costs,
especially when precise phase and amplitude matching is
required to preserve beam quality.

To address these limitations, a promising alternative
has emerged in the form of the stepped plate parametric

Audio CD  Critical distance of audio sound
CR Combination resonance
DR  Dual-resonance
ER Equivalence ratio
FP Flat plate
RP Rigid piston
SPPAL  Stepped plate parametric array loudspeaker
SP  Stepped plate
SR  Single-resonance
Ultra CD  Ceritical distance of ultrasound

I. INTRODUCTION

Parametric array loudspeakers (PALs) utilize the non-
linear interaction of high-frequency ultrasonic waves in air
to produce audible sound through self-demodulation. Since
Westervelt’s seminal work,' this principle has offered a fun-
damentally different approach to sound reproduction—
enabling audio beams of exceptional directivity from aper-
tures far smaller than those required by conventional
loudspeakers. Such capabilities have positioned parametric
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array technology as an attractive solution for targeted audio
delivery in applications ranging from museum exhibits and
digital signage to personal listening zones and quiet
zones.”® Nonetheless, realizing sufficient sound pressure
level (SPL) for practical use, which typically require levels
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array loudspeaker (SPPAL),'? which eliminates the need for
complex transducer arrays by employing a single ultrasonic
transducer. Initially developed to achieve phase-
compensated ultrasonic radiation,'* the SPPAL incorporates
annular steps into a flat plate (FP), allowing it to approxi-
mate the coherent output of a rigid piston (RP) radiator.
This phase compensation mechanism enables spatially
coherent wavefronts despite the use of a flexural structure.
By combining this simplified architecture with a single

© 2025 Acoustical Society of America 2561
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Langevin-type transducer, the SPPAL offers several advan-
tages, including reduced system complexity, a significantly
enlarged aperture, and lower implementation cost. These
advantages position the SPPAL as a compelling solution to
the practical challenges that have thus far limited the com-
mercialization of array-based PAL systems.

Despite the promising advantages of the SPPAL con-
cept, a systematic evaluation of its performance across a
wide range of design parameters has not yet been fully
explored. This is primarily due to the lack of analytical mod-
els that simultaneously offer both high fidelity and computa-
tional efficiency—features essential for navigating the
complex design space of SPPALSs.

To begin with, accurate modeling of the ultrasonic
transducer is critical. The SPPAL employs close dual-
resonance (DR) operation to amplify both the carrier and
sideband components, enhancing the low-frequency audio
output of parametric arrays. However, the conventional 1D
Langevin model'> lacks the ability to capture radial-
longitudinal coupling and is thus insufficient for exploring
extended design parameters. To overcome this limitation,
this study adopts an approximate analytical three-
dimensional (approx. 3D) model that incorporates Poisson
coupling,16 allowing for efficient DR prediction without full
finite element method (FEM). Similar modeling approaches
have been reported in the literature, highlighting the signifi-
cance of radial effects in piezoelectric transducers.'’~'® The
present model builds on this foundation to enable broader
parametric exploration. In particular, this model facilitates
the evaluation of feasible horn-end radii for stepped horn
structures. Extremely small radii lead to thin-neck geome-
tries that are difficult and costly to fabricate, making such
modeling essential for maintaining the SPPAL’s cost-
efficiency.

Second, the stepped plate (SP) structure introduces sig-
nificant variation in mechanical characteristics due to the
addition of annular steps.20 To mitigate this effect, the steps
are constructed from a polymer material with lower density
and Young’s modulus than the baseplate, thereby minimiz-
ing their influence on the plate’s natural frequency and
mode shape.21 Furthermore, due to the high modal sensitiv-
ity of higher-order modes in thin plates, classical plate the-
ory (CPT) proves inadequate for accurate modeling. This
work instead employs the modified Mindlin plate theory
(MMPT) to obtain reliable initial estimates of the structural
dimensions.** Using this formulation, the plate geometry is
designed with respect to the first local maximum distance,
the nominal ultrasonic frequency, and the vibrational mode
number, allowing global trends to be identified for a wide
range of design conditions.

Last, the prediction of parametric audio fields requires
nonlinear acoustic modeling, which is computationally
demanding. Traditional simulation tools, such as the time-
domain KZK (Texas code)®® and frequency-domain KZK
(Bergen code)*** solvers, offer accurate results within the
paraxial region, but are limited by high computational cost
and directional constraints. In recent years, alternative
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approaches—such as the Gaussian beam expansion®® and
spherical wave expansion (SWE)*’** methods derived from
the Westervelt equation, as well as extended King integral
formulations®*—have emerged to overcome these limita-
tions. In addition, numerical simulations based on the FEM
have also been employed to model nonlinear acoustic propa-
gation, particularly when complex boundary conditions
must be considered.’*? Moreover, Kuznetsov equation-
based methods that incorporate local nonlinearity have
shown promise for capturing complex acoustic phenom-
ena.?”333* In this study, the SWE method was chosen for its
computational efficiency in modeling nonlinear audio prop-
agation, while the FEM-based approach was employed pri-
marily as a reference to verify the results under more
general conditions.

This study presents a comprehensive evaluation of the
SPPAL design framework by integrating accurate transducer
modeling, mechanically robust SP design, and efficient non-
linear acoustic field analysis. Emphasis is placed on identi-
fying key design parameters that enable DR operation and
on validating the acoustic equivalence between SPs
and RPs. By employing approx. 3D transducer models and
SWE-based acoustic simulations, the proposed approach
enables rapid yet reliable exploration of a broad design
space. Furthermore, a series of rigorous experiments were
conducted to validate the proposed modeling methods and
to investigate the practical behavior of the SPPAL. These
measurements not only confirmed the predictive accuracy of
the analysis framework, but also revealed the presence of
combination resonance (CR)35 —an inherent structural phe-
nomenon not previously reported nor captured by existing
models.

The insights derived from this work not only deepen the
understanding of structural-acoustic interactions in flexural
ultrasonic radiators but also offer practical guidance for the
implementation of high-performance PAL systems using
compact and cost-effective transducer configurations.

Il. PARAMETRIC ARRAY LOUDSPEAKERS WITH
STEPPED PLATES

This section examines the SP as a viable radiator for
directional audio applications. The acoustic performance of
the SP is compared against that of a RP, focusing on the
propagation curve (PC) and beam pattern (BP) characteris-
tics. The equivalence ratio (ER) is introduced to quantify
the similarity between the SP and RP in terms of axial prop-
agation. Finally, the role of DR transducer design is dis-
cussed to address the SPL drop-off at low audio frequencies.

A. Acoustic characteristics of rigid piston for
parametric array loudspeakers

Since baffled circular RPs are the most well-known
acoustic source even in PALs, the preliminary investigation
begins with this type of radiator. In the following section,
the circular SP is examined by leveraging its similarity to
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the circular RP to explore an optimal design strategy for the
SPPAL at a given receiver location.

In the inverse-law far field, the audio sound power of a
PAL with a baffled circular RP is approximately propor-
tional to f>4, a*°, and f;7 -, where f, and f, denote the audio
and ultrasound frequencies, respectively, and a is the aper-
ture radius.®*° Similarly but, the following analysis focuses
on the critical distance of audio sound (audio CD), defined
as 9, = argmax_ L, (z), the axial location at which the on-
axis audio pressure reaches its maximum, as marked in Fig.
1(a). The resulting relationship provides a guideline for
selecting the carrier frequency and aperture radius to maxi-
mize the audio sound pressure at a given receiver location.

First, the aperture radius, @ is determined based on the
nominal ultrasound frequency, f,0 = co//u0 = {40, 50,60,
75,90} kHz, corresponding to the first local maximum dis-
tance, z; = a®/Auo — Auo/4 = {0.30,0.35,0.40,0.45} m,
hereafter referred to as the critical distance of ultrasound
(ultra CD), 2, . The parameter f, ¢ is used either as the actual
carrier frequency, f,», or as a reference design parameter for
the SPPAL. This study adopts a finite set of design parameter
combinations to ensure computational feasibility, as nonlinear
acoustic effects—unlike linear ones—Ilack tractable analytical
solutions and require numerically intensive simulations. To
model the nonlinear field, the SWE method is employed,
offering an efficient and rigorous solution to the Westervelt
equation under the quasilinear approximation.27 Atmospheric
absorption is modeled according to ISO 9613-1,%7 assuming a
relative humidity of 70% and a temperature of 20 °C. The sur-
face normal velocities for the carrier and sideband compo-
nents, v, and v, are each set to 0.1 m/s. The modulation
scheme used is lower sideband amplitude modulation (LSB-
AM), with the audio frequency defined as f, = fu» — fu.1. The
rationale for this choice will be discussed in Sec. IV C 2.

Again, Fig. 1(a) shows the PCs of the audio sound at
1kHz generated by circular RPs, evaluated for 20 different
combinations of design parameters, including the carrier fre-
quencies, f,2, and the ultra CD, %, .. The marked points
indicate the critical audio SPL, L, , with different marker
styles distinguishing the applied design parameters. At each
D, a decrease in f,» or an increase in %, results in a
higher L, . This relationship enables the determination of
the optimal combination of f, o and &, that maximizes L,

(@)
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at a given receiver location—that is, at a specific Z,.. In
this analysis, the surface normal velocity of the circular RP
is fixed, as this represents an idealized scenario. However,
this assumption does not hold in practical situations, where
the transducer characteristics must be considered in detail,
as further discussed in Sec. II C.

Figure 1(b) outlines the results of Fig. 1(a) in that the
solid contour lines mean L, ; the dashed contour lines indi-
cate ¥, .; the dash-dotted lines are a. For the same audio CD,
as the carrier frequency decreases, the audio SPL increases.
For example, along the &, . = 0.45 m dashed contour line, as
fu2 decreases from 90 to 40kHz, L, increases approximately
from 48 to 53 dB. For the same aperture radius, the audio SPL
remains similar, but the audio CD varies with the carrier fre-
quency. In the case of ¢ = 50 mm, increasing f, » from 40 to
60 kHz results in an increase in Z, . from 0.4 to 0.5m. These
relationships are further supported by the correlation matrix
in Fig. S7 of the supplementary material.

While prior studies have analyzed how aperture size
and carrier frequency affect audio power in the far field,**~°
the present work instead focuses on the audio SPL at the
audio CD, providing a practical guideline for selecting
design parameters to match a target receiver location.

B. Acoustic characteristics of stepped plate

1. Principle of stepped plate and its impedance
characteristics

The SP, which is a circular FP modified with annular ring
steps of half-wavelength height, 4, ¢/2, is designed to approxi-
mate the coherent acoustic field of a uniformly vibrating RP."*
As shown in Fig. 2(a), the dash-dotted line represents the FP’s
vibration mode shape, while the solid line approximates the
surface particle velocity when phase-compensating steps are
applied. If the center velocity of the SP is vy, and its radiated
field matches that of an RP, the equivalent RP surface velocity
is given by vsper = Vo X Hsp/rp, Where ngppp denotes the
ER. This section investigates the conditions under which the
SP acoustically resembles the RP in axial propagation.

Although not shown in full, similar trends to those pre-
sented in the following analysis were observed across all
120 combinations of design parameters (2, . = {0.30,0.35,
0.40,0.45} m, f,0 = {40,50,60,75,90} kHz, and m = {4,

() 99

fu07 0 KHZ]

0.45

FIG. 1. (a) PCs of the audio sound of 1 kHz generated by circular RPs with 20 combinations of design parameters, including the carrier frequencies, f, >, and the

ultra CD, &,; (b) its summary contour plot. Solid lines: the critical audio SPL, L,
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dashed lines: audio CD, &, ; dash-dotted lines: the aperture radii, a.
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(a)

VRp * "sp/rp

|
!
: Vsp eff.=
T

FIG. 2. (a) Schematic comparison of a circular SP (top) and a RP (bottom). (b) Mechanical impedance at the plate center for FP (dash-dotted) and SP (solid),

Zpp and Zgp, respectively, from the 6th to 9th modes.

5,6,7,8,9}). Among these, Fig. 2(b) presents the mechani-
cal impedance at the center of the FP (Zgp) and SP (Zsp)
from the 6th to 9th vibration modes, assuming a fixed FP
resonance at 60kHz and an ultra CD of 0.45m, including
radiation impedance in air. While the FP’s resonance
remains unchanged across modes, the addition of annular
steps in the SP shifts the resonance—an effect more pro-
nounced in higher-order modes—resulting in Zgp. In thin
plates operating at higher-order modes, resonance shifts per-
sist even after design refinement of the annular steps, sug-
gesting that the added steps inevitably affect the resonance
characteristics,” despite the use of polymer materials with
relatively low density and stiffness.”’ By contrast, thicker
plates associated with lower-order modes exhibit reduced
sensitivity to such modifications. These analyses were per-
formed using comsoL Multiphysics via LiveLink for MATLAB
with frequency-domain acoustic-structure interaction analy-
sis. For each case, the initial plate geometry was determined
based on the target vibration mode using MMPT.*?

2. Evaluation of equivalence ratio at the stepped
plate’s resonant frequency

As a next step, the PCs generated by the SP and the RP
are compared. In the SP case, a unit force is applied at the
center to excite the desired mode, and the resulting center

(a) 160

L _[dB]

z[m]

velocity, vo sp, is determined by the total mechanical imped-
ance, including both structural and radiation components.
For a fair comparison, the RP is assigned the same radius,
and its surface velocity is set to match the center velocity of
the SP, such that vgp = vo sp.

Figure 3(a) presents the PCs of the acoustic fields pro-
duced by the SP and RP at the SP’s resonant frequency, fj sp,
which reflects the frequency shift introduced by the annular
steps. Although the SP exhibits irregular behavior in the near
field, both SP and RP PCs converge beyond %, .. The SPL
difference at this distance defines the ER, #gp gp, which quan-
tifies the relative radiation efficiency. As shown in Fig. 3(b),
the ER depends on the vibration mode m, while the influence
of Zuc and f, is detailed in Fig. S2 of the supplementary
material, including additional cases for &, . = 0.3, 0.35, 0.4,
and 0.45 m.

For instance, the ER at the 8th mode is approximately
—20dB, implying that the RP must operate at a center
velocity ten times lower than the SP to achieve similar far-
field performance. Notably, even-mode SPs show consistent
ER behavior along the acoustic axis beyond %, ., whereas
odd-mode SPs exhibit fluctuations. This inconsistency is
attributed to the absence of the outermost step in odd-mode
designs due to fabrication difficulties. Moreover, the central
region of the SP is left bare to avoid thermal degradation of
the polymer steps during continuous operation.

®) o -
o u,c
s -6 ]
[a
[
<-12 ]
5 -18 O— 4
S ﬁ
~ 0
n -24 ]
o
o
=-300 | m | |
L [—0—6 —0—7 —A—8 —O—9|
.36 I n
107 10°

z[m]

FIG. 3. (a) Comparison of the PCs of acoustic fields generated by the SP (solid) and the RP (dash-dotted), and (b) its difference at the resonant frequency of

the SP,ﬁ)‘sp.
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3. Bandwidth characteristics of stepped plate

For PAL applications, it is essential to evaluate whether
the acoustic behavior of the SP aligns with that of a RP not
only at the SP’s resonant frequency, fo sp, but also over a prac-
tical frequency bandwidth. This ensures consistent directional
performance across the audio band. The present analysis
focuses on the 8th vibration mode, with f, o = 60kHz and
Dy = 0.45m. Although omitted here for brevity, similar
trends were observed across other combinations of design
parameters, particularly for even-order modes (for additional
results, Figs. S2 and S3 of the supplementary material).

With LSB-AM, the relevant frequency bandwidth
extends approximately 10kHz below fj sp. As shown in Fig.
4(a), the ER varies within 3 dB across this range, indicating
robust axial field consistency. Additionally, although the BP
of an SP at its design frequency is known to closely mimic
that of an RP,'* its frequency-dependent behavior has not
been thoroughly examined. Figure 4(b) presents beam pat-
terns (BPs) at 1 m, with the left side representing the SP and
the right side the RP. The SP maintains high directivity with
a quarter-power angle, Oqp sp, of approximately 6° through-
out the bandwidth. Sidelobe levels remain below —20dB,
but begin to rise outside the range, approaching the
mainlobe level. This degradation is attributed to two main
factors: frequency-dependent shifts in nodal circle locations
that misalign the annular steps, and phase mismatch result-
ing from step heights optimized specifically for f; o.

These findings confirm that the ultrasonic acoustic fields
generated by the RP and SP are comparable when both share
the same radius and operating frequency. Although their sur-
face velocity profiles differ, the similarity in PCs beyond %, .
and BPs suggests that the phase-compensating annular steps
of the SP function effectively. Therefore, the preliminary
design of an SP radiator can be guided using the well-
established design principles of the RP.

C. Transducer characteristics of stepped plate for
parametric array loudspeakers

For PAL applications requiring a flat audio SPL
response, an ideal approach involves employing an ultra-
sonic transducer with a flat frequency response and a

(a) 10

£-f, o IkHz]

z[m]

—12dB/oct. equalizer, as suggested by Berktay’s far-field
solution.>® Tn practice, however, such transducers are diffi-
cult to realize, as most exhibit single-resonance (SR) and
lack broadband response.9 The steep roll-off near resonance
often exceeds *12dB/oct., causing poor low-frequency
reproduction.®*® To overcome this limitation, the SPPAL
adopts a DR design that reinforces both carrier and sideband
frequencies.”'*> The hypothetical velocity frequency
responses of SR and DR transducers are modeled using a
pole-zero-gain formulation

1

- 1
w4 (14 in) — »? M

VRP,SR = 110).4

wr (1 + in) — o?
(@ (1 +in) — ) (05 (1 +in) — »?)’

@)

VRP,DR = iwK

where K is the gain; w,» and w,; denote the angular frequen-
cies of the carrier and sideband resonances, respectively; w,
is the anti-resonance angular frequency; and # is the damp-
ing loss factor. These parameters are adjusted to reflect typi-
cal SPPAL behavior, as illustrated in Fig. 5(a).

As shown in Fig. 5(b), compared to the SR transducer,
the DR configuration exhibits noticeable amplification in the
low audio band. The SPL curves, calculated using the SWE
method for a RP with f,, o = 60kHz and %, . = 0.45m, con-
firm that DR design can compensate for low-frequency roll-
off. Prior studies achieved a resonance spacing of about
3.3kHz,?'? but achieving narrower spacing remains a chal-
lenge in practical implementation. In contrast, the high-
frequency audio SPL drop, which occurs as the sideband
component shifts beyond the resonance bandwidth, remains
a challenge. To address this, an equalization-based compen-
sation analysis is presented in Sec. S2 of the supplementary
material, demonstrating that the high-frequency loss can be
mitigated through appropriate input shaping.*

lll. DESIGN

In Sec. II, the foundational design principles for PALs
based on RPs were examined, followed by an exploration of
the acoustic radiation characteristics of SPs, which

(b) 10

3

5

Ff, o IkHz]
b [dB]

A

-45° -30° -15° 0° 45°
14

-20

FIG. 4. (a) Frequency-dependent variation of the ER 7gp rp near the resonant frequency f, o = 60kHz and %, . = 0.45m for the 8th mode. (b) BP compari-
son between the SP and RP measured at a distance of 1 m. The left and right sides of the dotted vertical line correspond to the SP and RP, respectively.
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FIG. 5. (a) Velocity frequency responses of hypothetical SR and DR ultrasonic transducers modeled in pole-zero-gain form. (b) Resulting audio SPL fre-

quency responses at the audio CD, Z, .

approximate the behavior of RPs under certain conditions.
This analysis highlighted the importance of carrier fre-
quency, aperture size, and resonance mode selection in
achieving optimal audio performance at a designated
receiver location. Furthermore, the necessity of introducing
DR in the ultrasonic velocity response of the transducer was
emphasized to enhance low-frequency audio SPL. This sec-
tion presents the design process of the SPPAL, where the SP
is coupled with a Langevin-type transducer. Key design
parameters are explored through multi-objective optimiza-
tion, and their influence on audio performance is analyzed.
Efficient simulation frameworks for nonlinear acoustic fields
are introduced, followed by design-for-manufacturing con-
siderations for practical implementation.

A. Preliminary design
1. Design parameters and objective function behavior

When the frequency distance between the fundamental
mode and its secondary mode of the horn-coupled Langevin
transducer is small and those resonant frequencies are also
close to the intended mode’s resonant frequency of the SP,
DR occurs closely. Thus, the key to causing DR is the modal
transition that occurs with small frequency variations. To
realize this effect in the SPPAL design, various design
parameters, denoted by p, were considered:

* Transducer configuration: €'xger = {“Half”, “Full”}.

» Radial dimension of the transducer’s piezo stack:
rp = {XMP,I/S <x < lp1/4} where ;~P.,1 = Vf fu’().

* Length of the transducer’s piezo stack: Ip = {x|/p3/
10 <x < /11:3/4} where ipyg = Vg/fu,o-

* Homm-end radius of the stepped horn: ry = {0.75,
1.00,1.25,1.50} mm.

Here, %x4cr specifies the transducer’s fundamental mode
configuration. The half-wavelength transducer uses a single
piezoelectric stack [Fig. 6(a)], whereas the full-wavelength
configuration consists of a cascaded double-stack [Fig. 6
(b)]. In both schematics, the red and blue curves indicate the
fundamental (f;;) and secondary (f;,) modes, shown as the
real parts of longitudinal velocity profiles, which are further
discussed in Sec. S3 of the supplementary material. The
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parameters 7p and lp are normalized to the material-
dependent wavelengths in the radial and longitudinal direc-
tions, respectively, with wave speeds defined as
vE=(1/ psﬁ)l/ ? where p is the material density and sk is
the elastic compliance under a constant electric field for
direction i (1: radial, 3: longitudinal). The horn-end radius
ry is constrained by manufacturability—smaller values yield
thin-neck geometries that are challenging to fabricate.

At the preliminary design stage, a forward design
approach is adopted to assess how transducer design param-
eters and configurations affect key characteristics such as
the frequency spacing of DR (fys.) and the corresponding
modal velocities (v;; and vy), using multi-objective optimi-
zation. Since this process is computationally intensive, the

(c) 2 f (d) 10*
; Inferior
min F1 solutions
— 15
N 0 (\
T — 10
=3 2
JE ) 1 [kHz] £
NS % o
N min F, = 101
w 2
0.5
Infeasible
solutions 2
0 -
3 25 2 15 1 10°¢2 20 2 46

F1=_<V>geom. [m/s] f_fu,o [kHz]

FIG. 6. Schematic of (a) a half-wavelength Langevin transducer with a sin-
gle piezoelectric stack, and (b) a full-wavelength transducer with a cascaded
double-stack configuration, showing the fundamental mode (f;;, red solid
line) and the secondary mode (f;», blue dash-dotted line), respectively. (c)
Pareto front showing the relationship between objective functions F; and
F, illustrating the trade-off in DR optimization. (d) Frequency responses of
plate center velocity obtained from multi-objective optimization. The dark-
est and lightest lines represent the optimized responses corresponding to
min F; and min F», respectively.
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objective function must be both efficient to evaluate and
physically meaningful.

For transducer sections with diameters smaller than a
quarter wavelength, longitudinal motion dominates, and the
ID Langevin model provides sufficient accuracy.'>*°
However, to achieve tighter frequency spacing (e.g.,
faist. ~ 1kHz), larger-diameter sections are often necessary,
where the 1D model becomes inadequate due to radial-
longitudinal coupling. To address this, an approx. 3D model
incorporating Poisson effects was employed, enabling accurate
mode prediction without resorting to full FEM modeling.'®

In the multi-objective optimization process, the design
parameters, p, are listed above and the design variables, X, to
be optimized are the length of each part of the transducers, x
={l1,r,3|Cxaer = “Half”};x = {l1, 15, 1z,14|Cxder = “Full”},
its lower and upper bounds are set to 0.5 to 1.5 times those of
Langevin’s equation,15’40 also two objective functions are
defined:

* Objective function 1, F| = _<V>geom. = —(ve1- vi2 _Vm)l/3’

is the negative geometric mean of the two highest peaks,
vi1 and vy, and the local minimum, v, between them in
the plate’s center velocity.

e Objective function 2, Fy = fgisr. = fio —fi1, 1s the fre-
quency difference between the two largest peaks.

Multi-objective optimization was performed through
the gamultiobj function, with useParallel=true
set by Global Optimization Toolbox and Parallel Computing
Toolbox in MATLAB 2024b. The specific procedure used for
this process is summarized in algorithm S1 of the supple-
mentary material. The optimization produced a Pareto front,
illustrating the trade-offs between the two objectives as
shown in Fig. 6(c). Figure 6(d) presents the frequency
responses of the plate’s center velocity when either F or F»
is minimized. When the minimization of F is prioritized,
the velocity amplitudes at both resonances become compa-
rable (v;; = vp), as depicted by the darkest line. In contrast,
minimizing F, yields a smaller frequency difference, but the
velocity amplitude at f, is generally lower than at f;
(vr1 > vi2), as indicated by the lightest line. While only five
representative cases are shown, the frequency response
gradually changes along the Pareto front as the optimization
objective shifts from min F; to min F.

In summary, when F, is minimized, fy. decreases, but
vpp decreases, so the audio SPL of the PAL decreases overall
due to the low carrier velocity magnitude in the case of
employing LSB-AM. In contrast, when F; is minimized, the
velocity of the DR is maximized, and F; (= fgs.) becomes
as small as possible for the corresponding design parame-
ters.*! Therefore, considering the characteristics of the fre-
quency response curve of SPPAL, minF; is the most
optimal choice. The design parameters corresponding to the
results shown in Figs. 6(c) and 6(d) are as follows: the SP of
Dy =045m, f,0 = 60kHz, and 8th mode is coupled to
the half-wavelength transducer of rp = 9mm, /p = 8 mm,
and rg = 0.75 mm, and the results as not shown here follow
similar trends for the other design parameters.
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2. Feasibility of dual-resonance across design
parameter combinations

The design parameter range for the transducer coupled
to the SP considered above is defined as %xger
= {“Half”,“Full”}, rp =1{7,9,11,13} mm, ry= {0.75,
1.00,1.25,1.50} mm, and /p = 8 mm. The corresponding
multi-objective optimization results are summarized in
Fig. 7. Solid lines connect points sharing the same rp, while
dash-dotted lines connect those with the same ry. As rp and
ry vary, both F| and F, show monotonic trends, suggesting
that interpolation may be used to estimate intermediate val-
ues despite the discrete sampling of parameters.

Certain combinations of parameters satisfy the target
condition fgs. = 1kHz, while others do not. For example, in
the half-wavelength configuration, this condition is only sat-
isfied when rg = 0.75 mm and rp = 13 mm. In comparison,
the full-wavelength configuration achieves similar results
for rg = 0.75 mm with rp = {9, 11} mm, or ry = 1.00 mm
with 7p = 13mm. However, a small horn-end radius
rgy—especially in thin-necked geometries as illustrated in
Figs. 6(a) and 6(b)—can present fabrication challenges due
to potential structural weakness. Therefore, manufacturabil-
ity must be considered in selecting feasible design
combinations.

In summary, DR operation with f4y, = 1kHz is more
easily achieved with the full-wavelength configuration than
with the half-wavelength configuration. This condition tends
to be met when ry is small and rp is large.

B. Capability of SPPAL for audio sound pressure level

The center velocity frequency response of the plate, v,
in Fig. 6(d), is converted to the effective surface normal
velocity of the stepped plate, vspfr., using the ER, ngp /RP-
Among the DR SPPALs designed via multi-objective opti-
mization, the audio SPL at the audio CD, L, (Za.), is pre-
dicted using the SWE method, as further detailed in Sec. S6
A of the supplementary material. The simulation time per
case is approximately 20 s, enabling rapid exploration across
a broad parameter space. Figure 8(a) presents the results for
cases with fgis, = {x|800 < x < 1250} Hz.

(b)

fdist. [kHz]

F,=

FIG. 7. Multi-objective optimization results for (a) @'x4qer = “Half” and (b)
@xaer = “Full”, showing the relationship between F| and F, across differ-
ent design parameters.
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FIG. 8. Nonlinear acoustic analysis results for the SPPAL obtained using the SWE method (method A). (a) Frequency response of the audio CD Z, .. (b)

Summary contour plot showing the design parameter: solid lines indicate the critical audio SPL L,

dashed lines indicate the &, ¢, and dash-dotted lines

ac?

denote the aperture radius a. (¢) Peak audio SPL at &, . for various design parameter combinations of the SPPAL.

Figure 8(c) summarizes these results by presenting the
peak audio SPL at audio CD as a representative performance
metric, offering a compact visualization of how the design
parameters influence acoustic output. Each box corresponds
to a specific combination of %, and f,>. White and gray-
faced markers indicate the 6th and 8th modes, respectively,
while circular and triangular markers represent half- and full-
wavelength transducer. Within each box, dash-dotted and
solid horizontal lines indicate the maximum audio SPL for
the half- and full-wavelength configurations, respectively.
The color of each marker encodes the horn-end radius, ry.
This summary plot facilitates an intuitive understanding of
the performance landscape across the design space and pro-
vides practical guidance for SPPAL design. Although certain
design parameters were expected to involve trade-offs, the
evaluated parameter space shows generally monotonic trends
without clear evidence of internal optima.

Several such trade-offs can be anticipated. For example,
with a fixed 2, c, increasing f, o reduces the aperture radius,
a, which decreases the mechanical impedance, Zsp, and
increases Vspff—enhancing primary wave radiation.
However, the resulting reductions in both aperture size and
absorption length lead to a smaller effective volume of the
parametric array, thereby limiting the generation of
difference-frequency components and potentially lowering
the audio SPL. Similarly, increasing the plate’s mode num-
ber reduces its thickness, which lowers Zgsp and may
improve vsp cfr., but at the expense of a reduced ER—again
potentially diminishing the overall audio SPL.
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Furthermore, Fig. 8(c) allows estimation of the maxi-
mum horn-end radius, ry, that can satisfy the fgiy. ~ 1 kHz
condition for various design parameter combinations. The
results suggest that full-wavelength configurations can gen-
erally accommodate slightly larger ry values than half-
wavelength ones, improving manufacturability without
compromising acoustic performance. As ry directly affects
the ease and cost of fabrication—particularly in avoiding
thin-necked horns—identifying the upper bound of ry is
critical for cost-effective implementation.

It is noted that some simulation results may exhibit
reduced accuracy due to the limitations of the Westervelt-
based SWE model, which excludes effects such as
Lagrangian density considered in the Kuznetsov equation.
However, these findings should thus be interpreted as indic-
ative trends rather than precise quantitative predictions.

Finally, Fig. 8(b) visualizes a contour map summarizing
the results in Fig. 8(c), overlaid on the parameter space of
9. and f, ». This representation corresponds to the SPPAL
version shown in Fig. 1(b), offering a compact overview of
design trends. Solid contour lines indicate L,  , dash-dotted
lines show constant Z, ., and dashed lines denote the aper-
ture radius, a. For example, at &, = 0.45 m, decreasing f, >
from 90 to 40kHz raises L, from approximately 82 to
106 dB, guiding appropriate SPPAL configurations for target
receiver locations. These interdependencies among design
parameters and performance metrics can be further under-
stood by referring to the correlation matrix in Fig. S8 of the
supplementary material.
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C. Design for manufacturing

The design guide developed in Sec. IIIB serves as a
basis for selecting appropriate parameters according to tar-
get audio performance and receiver placement. This section
focuses on a design for manufacturing (DFM) approach, in
which the selected parameters are refined with practical con-
straints in mind. In addition to performance considerations,
DFM requires attention to structural integrity under assem-
bly and operational loads, including factors such as thread
stripping during piezoelectric prestressing and the linear
elastic limit of the preload bolt.**** Accordingly, key
aspects such as thread engagement length, piezoelectric ring
geometry, and fastener dimensions must be optimized.*

1. Design through global optimization

Based on the discussion in Sec. IIT A 1, global optimiza-
tion was conducted under the premise that minimizing only
objective function 1, Fy, is sufficient to achieve the desired
velocity frequency response of the SPPAL. Although surro-
gate optimization algorithms do not require the objective
function to be smooth, they perform optimally when the
function is continuous.*' Additionally, because reducing
computational cost is prioritized in FEM-based optimiza-
tion, objective function evaluations were conducted accord-
ing to Algorithm S2 of the supplementary material, which
introduces intentional discontinuities without significantly
impairing optimization performance. Additionally, acoustic
loading was excluded during optimization to further reduce
computational effort. Instead, acoustic simulations were
conducted afterward to evaluate the optimized design.

The final design parameters selected from global opti-
mization are as follows: %,.=0.45m, f,o= 60kHz,
m=28, Cxdor = Full”, rp=9mm, [p=8mm, and
rg = 0.75 mm. The piezoelectric ring was fabricated using
C-21 material (Fuji Ceramics), with an inner diameter,
rpi = 2.5 mm, thickness, fp = 2 mm, and a copper electrode
thickness, fejec = 150 um. An M4 x 0.7 metric fastener was
employed, with a counterbore depth, d.p, = 0.5 mm, com-
plete thread length, /. = 5Smm, incomplete thread length,
lie =3mm, and minimum remaining wall thickness,
tem = 3mm. The optimized SPPAL’s center velocity fre-
quency response under acoustic loading conditions is shown
in Fig. 9, with | = —3.33m/s and F, = 1.4kHz.

Global optimization was performed using the surroga-
teopt function from the Global Optimization Toolbox in
MATLAB 2024b. Design variables and simulation results were
exchanged with comsoL Multiphysics via LiveLink for MATLAB.
Each objective function evaluation involved eigenfrequency
and frequency-domain analyses incorporating piezoelectric-
solid and electrostatic coupling. The entire process took approx-
imately three hours on a workstation equipped with dual Intel
Xeon Silver 4210 processors (2.20 GHz) and 384 GB of RAM.

2. Framework for nonlinear acoustic simulation

To further evaluate the nonlinear acoustic performance
of the DFM-optimized SPPAL, two numerical frameworks
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FIG. 9. Center velocity frequency response of the optimized SPPAL under
acoustic loading conditions. The result corresponds to the globally opti-
mized design with F; = —3.33m/s and F, = 1.4kHz.

were considered: a hybrid approach combining FEM with
the SWE method (method B), and a full-domain FEM simu-
lation (method C). Both are based on successive approxima-
tions of the Westervelt equation but differ significantly in
computational cost and spatial coverage. Method B enables
efficient evaluation of the audio BP by using the FEM-
computed velocity distribution of the stepped plate as the
boundary condition for SWE, whereas method C directly
simulates the full nonlinear field, requiring high spatial reso-
lution and large computational domains. A detailed compar-
ison between these methods is provided in Sec. S6 of the
supplementary material, demonstrating that method B offers
a favorable trade-off between accuracy and efficiency, par-
ticularly for modeling directional audio fields in resource-
constrained environments.

IV. EXPERIMENT
A. Realization

Figure 10 shows photographs of the fabricated SPPAL
from top and bottom views. The transducer components
were machined from aluminum and stainless steel. During
assembly, a custom-designed clamping jig was used to hold
the transducer in place under bias, while a dedicated aligner
ensured accurate coaxial alignment between the piezoelec-
tric rings and the transducer body. The preload on the bolt
was controlled using a Tohnichi CL15NX8D torque wrench
to maintain consistent mechanical prestress. The polymer
annular step ring was fabricated following the procedure
detailed in previous studies.”'** Specifically, the polymer
step was cast using a silicone mold shaped as an annular ring.
The mold was filled with a mixture of Henkel Loctite Stycast
1266 epoxy encapsulant and PB-725, a micro-shell-type
ultralight filler supplied by Seokyung CMT, at a volume mix-
ing ratio of 1:3.

B. Experimental setup

1. Vibrational characteristics

To measure the plate’s center velocity and radial mode
shape of the SPPAL, the device was mounted on a lab jack
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FIG. 10. Photographs of the fabricated stepped plate parametric array loud-
speaker: (a) top view showing the polymer annular step ring, and (b) bottom
view showing the aluminum stepped plate and assembled transducer.

using a custom-designed fixture (see Fig. 11). The vibration
of the plate was measured using a single-point laser Doppler
vibrometer (LDV; OFV-505, OFV-5000, VD-09, Polytec),
while the LDV sensor head traversed the radial axis of the
plate using a pair of motorized linear stages (LTA-HS,
Newport) connected in series. The actuators of the linear
stages were controlled by a motion controller (ESP301,
Newport). The transducer was driven by a dynamic signal
analyzer (SR785, Stanford Research Systems) through a
power amplifier (HSA4052, NF Corporation), and the output
signal from the LDV was recorded simultaneously. All mea-
surement instruments were controlled and synchronized
using MATLAB 2024b.

2. Acoustic characteristics

Acoustic measurements were conducted in a semi-
anechoic chamber at Pohang University of Science and
Technology. The chamber’s background noise level, free-
field effective volume, absorption coefficient, and low cutoff
frequency were below 30dB SPL, 3 x 3 x 2m?, 0.99, and
150 Hz, respectively. The temperature and relative humidity
during the measurements were maintained at 20 °C and 70%
RH. The SPPAL was mounted on a motorized rotational
stage using a custom fixture, positioned 1.4m above the
floor. Acoustic fields were measured using Briiel & Kjaer 1/
8 in. pressure-field microphone type 4138 for ultrasound and
1/2 in. microphone type 4192 for audio sound. The micro-
phones, mounted on a motorized linear stage via a custom
holder, were interchangeable for each measurement. For
both ultrasound and audio measurements, the microphone
was oriented at a 90° angle of incidence to enable free-field
correction and mitigate spurious sound in complex near-
field measurements.”***> Additionally, a spurious sound fil-
ter topologically equivalent to a half-wavelength resonator
was applied to the microphone assembly to further suppress
spurious components.*® A dynamic signal analyzer (SR785,
Stanford Research Systems) drove the transducer through a
power amplifier (HSA4052, NF Corporation), and the mea-
surement signals were acquired using a conditioning ampli-
fier type 2690. matLaB 2024b was employed for data
acquisition and instrument control.
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FIG. 11. Experimental setup for measuring the vibrational and acoustic
characteristics of the SPPAL. (a) Measurement of center velocity and radial
mode shape using an LDV traversing along the plate radius. (b) Acoustic
field measurement in a semi-anechoic chamber.

C. Vibrational characteristics
1. Frequency response of plate’s center velocity

Figure 12 presents the measured frequency response of
the plate’s center velocity under driving voltages of 1, 2, 5,
and 10V, spanning the 40 — 80 kHz range. Solid lines repre-
sent experimental data, while dash-dotted lines correspond
to FEM results based on the DFM-optimized design. The
simulations assumed an applied voltage of 20V (equivalent
to 10kV/m), whereas in practice, the transducer was driven
up to 10V due to the onset of nonlinear effects.

The measurements clearly demonstrate DR behavior
near 60 kHz, in qualitative agreement with FEM predictions.
Quantitatively, F; reached approximately —2m/s at the
maximum driving voltage of 10V, while F, was around
1kHz, with resonance peaks between 57.3 and 58.3 kHz.
Vertical dashed lines labeled fi» pem and fio gxp indicate the
simulated and measured carrier frequencies for LSB-AM
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FIG. 12. Measured and simulated velocity frequency responses at the center
of the stepped plate under driving voltages of 1, 2, 5, and 10 V. Solid lines
represent experimental measurements, while dash-dotted lines correspond
to FEM simulations based on the DFM-optimized design.

operation. A downward frequency shift was observed due to
fabrication tolerances, including a thinner-than-designed
plate and possible deviation in material properties. At vol-
tages above 10V, nonlinear effects emerged, including
amplitude growth and resonance shifts. These results high-
light the need to consider both nonlinear dynamics and
manufacturing accuracy in practical implementation.
Further refinement of the piezoelectric ring and preload bolt
design is recommended to reduce such discrepancies.

2. Experimental modal analysis

Figure 13 presents the experimental modal analysis
(EMA) results of the SPPAL, showing amplitude and phase
distributions along the radial direction. Figures 13(a) and
13(c) depict the response of a FP without annular steps,
while Figs. 13(b) and 13(d) correspond to the SP. The FP
vibrates clearly in the 8th flexural mode between approxi-
mately 53 and 67 kHz, with eight distinct phase reversals.
Mode transitions to the 7th and 9th modes occur below and
above this range, respectively. In contrast, the SP exhibits
an earlier shift to the 9th mode near 63 kHz, attributed to the
mechanical impedance changes introduced by the annular
steps. The frequency span of the 8th mode defines the effec-
tive operational bandwidth of the SPPAL, within which it
approximates the coherent radiation of a RP. While the
specimen used for EMA was a different sample from the
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one analyzed earlier, it followed the same design; thus,
despite slight frequency shifts, the modal behavior and step-
induced effects remain consistent.

These modal characteristics play a crucial role in select-
ing the modulation algorithm for SPPAL operation. In par-
ticular, LSB-AM is identified as the optimal strategy. By
selecting the higher resonance (approximately 61kHz) as
the carrier, LSB-AM ensures a broader usable LSB, com-
pared to the upper sideband (USB). In contrast, modulation
schemes such as double-sideband amplitude modulation
(DSB-AM) suffer from poor USB bandwidth. Wideband
approaches like square-root and modified amplitude modu-
lation (SRT-AM, MAM)? are also unsuitable due to the lim-
ited radiation bandwidth inherent to SPPAL.

D. Acoustic characteristics
1. Ultrasound

a. Frequency response. Figure 14 presents the mea-
sured ultrasound frequency responses of SPPAL at driving
voltages of 1, 2, 5, and 10V, recorded at &, = 0.45m.
Solid lines represent experimental data, while dash-dotted
lines indicate FEM simulation results from method B.
Similar to Fig. 12, the ultrasound acoustic responses exhibit
pronounced DR peaks around the experimentally deter-
mined carrier frequency fio gxp ~ 60kHz.

b. Propagation curve. Figure 15(a) illustrates the ultra-
sound propagation characteristics of the SPPAL driven at
5V, showing the acoustic pressure field as a function of dis-
tance, z, and frequency, f. Two distinct resonances appear
near 60kHz. While appreciable pressure levels are also
observed in the USB range, they are not practically usable
due to unintended transitions to the 9th vibrational mode, as
discussed in Sec. IV C2 and further detailed in Sec. IVD 2.
Figures 15(c)-15(f) compare the experimentally measured
PCs (markers) with theoretical predictions from method B
(thick gray solid lines), evaluated at the carrier resonance
fu2 = fro and corresponding LSB frequencies f, 1 = fu2 — fa
for f, =0.5, 1, 2kHz. The experimental results closely
match the analytical predictions, with clear acoustic peaks
near the design target, &, .. These results validate that the
SPPAL emulates the radiation behavior of a RP, as estab-
lished in Sec. II B, and support the use of the ER in the
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FIG. 13. Experimental modal analysis results of the SP transducer. (a), (c) Normalized amplitude and phase distributions along the radial direction for the
FP without annular ring steps. (b), (d) Corresponding normalized amplitude and phase results for the SP. In the phase plots, the colors are mapped such that
white represents 0, while dark blue and red correspond to —= and 7, respectively.
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FIG. 14. Measured and simulated ultrasound frequency responses at the
ultra CD (%2, = 0.45m) under driving voltages of 1, 2, 5, and 10 V. Solid
lines represent experimental measurements, while dash-dotted lines corre-
spond to FEM simulations based on the DFEM-optimized design.
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FIG. 15. Ultrasound propagation characteristics and BPs generated by the SPPAL under a driving voltage of 5 V. (a) Acoustic pressure field plotted as a
function of frequency f and propagation distance z. (b) BP of the ultrasound field as a function of frequency f and angle 0. (c), (2) PC and BP at the
carrier resonance frequency f, 2, defined as fi» pem in the simulation and fio gxp in the experiment. (d)—(f), (h)—(j) PCs and BPs at the audio frequencies
fa=0.5,1, and 2kHz, where f,1 = fu2 — fa. Markers indicate experimental measurements, while thick gray solid lines denote theoretical predictions based

on method B.
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multi-objective optimization framework by confirming the
predictive reliability of the analytical approach.

c. Beam pattern. Figure 15(b) presents the BP of the
ultrasound generated by the SPPAL at a driving voltage of
5V, showing acoustic pressure as a function of frequency,
f, and angle, 0. Below approximately 63 kHz, the beam
exhibits a well-focused mainlobe along the acoustic axis.
However, near 63 kHz, a transition to the 9th vibrational
mode occurs, degrading beam directivity due to lobe split-
ting and loss of coherence. This limits the use of USB fre-
quencies for audio modulation, as discussed in Sec. IVE 2.
Figures 15(g)—15(j) compare measured BPs (markers) with
theoretical predictions from method B (thick gray solid
lines), evaluated at f, = 0, 0.5, 1, 2kHz. While the main-
lobe structure shows good agreement between experiment
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and simulation, the measured beam patterns exhibit stron-
ger side lobes around *=30°. This discrepancy is further
discussed in Sec. S6 E of the supplementary material, and
is attributed to two primary factors: (1) acoustic radiation
from the vertical sidewalls of the annular steps, which are
not modeled in method B, and (2) potential fabrication-
induced deviations in the material properties or attachment
quality of the step structures.

2. Audio sound

This section presents the measurement of audio sound
fields generated by the SPPAL. Overall, the experimental
results show good agreement with the theoretical predictions
across the audio frequency range. However, at 2kHz, a
noticeable deviation is observed between the measured and
predicted values. The underlying causes of this discrepancy
are discussed in Sec. IVE.

a. Frequency response. Figure 16 illustrates the mea-
sured audio frequency response of the SPPAL driven by
LSB-AM, recorded at the Z,. = 0.5m. Both the carrier
and sideband signals were driven at 10 V. The experimental
results (markers) reveal an enhancement in the audio out-
put near the frequency region associated with the DR spac-
ing, aligning with the intended design. The thick gray solid
lines represent analytical predictions computed using
method B for driving voltages of 5, 10, 20 V. As previously
observed in Figs. 12 and 14, deviations between the fabri-
cated transducer and its target specifications result in some
discrepancy between experimental and theoretical curves.
Nevertheless, the measured trends are consistent with sim-
ulation results.

b. Propagation curve. Figures 17(a)-17(d) illustrates
the PCs of audio frequencies f, = 0.5, 1,2,4 kHz generated
by the SPPAL driven at 10V, with the analytical results at
5V shown for comparison, as they better fit the measure-
ments, similar to the trend discussed in Fig. 16. As designed,
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FIG. 16. Measured audio frequency response of the SPPAL driven by LSB-
AM at Z,. =0.5m. The carrier and sideband signals were both driven
at 10 V. Markers denote experimental data, and gray lines indicate theoreti-
cal predictions based on method B for different driving voltages (5, 10,
and 20 V).
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each curve exhibits a peak at the Z, . = 0.5m. This experi-
mental validation confirms the appropriateness of employing
a RP as the fundamental design reference for the SPPAL, as
initially proposed in Sec. I A. The audio CD thus emerges
as an optimal target position for listeners due to the maxi-
mized cumulative effect of the audio signals.

c. Beam pattern. Figures 17(e)-17(h) presents the
measured BPs of the audio frequencies f, = 0.5,1,2,4kHz
generated by the SPPAL, recorded at &,. = 0.5m. The
experimental results (colored markers) show good agree-
ment with analytical predictions (solid gray lines), also with
the notable exception of the BP at f, = 2 kHz, where consid-
erable deviation is observed.

E. Combination resonance

CR***7 refers to a nonlinear phenomenon in which
intermodulation components excite the natural frequencies
of the SPPAL, resulting in unintended mechanical
responses. In the context of a SPPAL, this occurs when the
difference-frequency components generated by LSB-AM
coincide with the plate’s inherent vibrational modes. When
such resonance is triggered, the plate emits low-frequency
audio sound directly through its structural vibration, rather
than via nonlinear interaction in air. The amplitude of this
direct audio radiation often exceeds that of the audio sound
produced, meaning the perceived audio field becomes dom-
inated by structural vibration rather than the intended air-
borne nonlinear process. This loss of directional audio
radiation at the CR frequencies fundamentally undermines
the intended function of SPPAL as a PAL. Consequently,
the presence of CR highlights the need for further
investigation into its suppression or compensation to fully
harness the potential of the SPPAL in directional audio
applications.

1. Frequency response of plate’s center velocity

Figure 18(a) illustrates the velocity frequency responses
measured at the center of the SPPAL plate in the audio fre-
quency range. The circular markers represent the linear
response under 5V excitation, while the triangular markers
correspond to the response under LSB-AM excitation with
both carrier and sideband signals driven at 5 V. Distinct
peaks appear near 0.4, 2, and 5 kHz in both cases, indicating
that the plate’s structural resonances are excited by inter-
modulation distortion (IMD). Although the spectrum ana-
lyzer guarantees low IMD, the LDV’s IMD characteristics
are unspecified. Thus, the velocity magnitudes under LSB-
AM may not be quantitatively reliable. Nonetheless, the
consistent appearance of peaks at the known resonance fre-
quencies supports the occurrence of CRs.

2. Experimental modal analysis

Figure 18(b) presents the measured modal shapes of the
SPPAL plate, acquired using LDV at frequencies where
CRs were observed. For comparison, the thick gray lines
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FIG. 17. PCs and BPs of audio frequencies generated by the SPPAL under LSB-AM excitation at a driving voltage of 10V. (a)-(d) PCs for audio
frequencies f, = 0.5, 1, 2, and 4kHz, respectively. (e)—(h) Corresponding BPs measured at the audio CD &, = 0.5 m. Experimental results are shown as
colored markers; theoretical predictions (method B) are shown as solid gray lines. The BP at 2kHz exhibits noticeable deviation from the theoretical
prediction.

show the corresponding linear modal shapes obtained from
FEM simulations, amplitude-scaled to match the experimen-
tal data. The measured shapes under LSB-AM excitation
closely align with the predicted linear mode shapes,

confirming that the excited structural responses stem from
the plate’s inherent resonances. As a reference, the modal
shape at 3.5 kHz is included as a control case, representing a
frequency at which CR does not occur.
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FIG. 18. Experimental characterization of CR in the SPPAL. (a) Velocity frequency response at the plate center under linear (o) and LSB-AM (A) excita-
tion. Resonance peaks corresponding to CR are identified, with overlaid scaled FEM mode shapes indicating the associated structural modes. (b)
Experimental modal shapes measured at CR frequencies, showing close agreement with FEM-predicted linear modes (gray lines). (c)—(f) Measured BPs at
CR frequencies, compared against method B (gray solid lines) and FEM-based linear predictions (gray dash-dotted lines).
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3. Beam pattern

Figures 18(c)—18(f) show the BPs measured at frequen-
cies where CRs occur. The thick gray solid lines represent
analytical predictions obtained using method B, while the
dash-dotted lines correspond to FEM simulations under lin-
ear excitation at the same frequencies. At 3.5 kHz, the mea-
sured BP closely matches the analytical prediction. In
contrast, at CR-affected frequencies, the measured patterns
exhibit significant deviations from both predictions. These
results suggest that under CR conditions, the audio field gen-
erated by the SPPAL becomes highly unpredictable and can-
not be reliably described by linear models either.

V. CONCLUSION

This study introduced and comprehensively examined
SPPAL, demonstrating its potential as an effective alterna-
tive to conventional array-based PAL systems. The investi-
gation encompassed acoustic modeling, transducer design
optimization, and experimental validation.

A key contribution of this work lies in establishing a
systematic design framework that links critical transducer
parameters—such as listening position, ultrasound carrier
frequency, and DR transducer characteristics—to the result-
ing parametric array audio SPL. This framework enables
informed trade-off decisions and provides concrete design
guidance not only for SPPAL, but also for an analogous
flexural ultrasonic transducers.

To enable this design-space exploration, we proposed
an equivalence relationship between the SP and RP source,
formalized via the ER. Combined with an approx. 3D
structural-acoustic model and the SWE method for nonlin-
ear sound propagation, this modeling framework enabled a
computationally efficient yet physically grounded paramet-
ric analysis of SPPAL design space. This approach bridges
structural dynamics and parametric array audio performance
and provides a unified basis for evaluating radiator’s mode
shapes and geometries, and nonlinear propagation effects—
capabilities not addressed in prior SPPAL research.”***

Building on this framework, we applied a multi-
objective design optimization to systematically explore fea-
sible design spaces for SPPAL transducers. A DR strategy
was introduced to enhance low-frequency audio perfor-
mance, allowing sideband boosting through tailored velocity
frequency response. The results revealed clear trade-offs
among carrier frequency, aperture radius, and modal geome-
try, and extended the usable design range from conventional
quarter-wavelength transducer structures to half-wavelength
diameters. The observed trends between key parameters and
resulting audio SPL offer insight into optimal design choices
and provide practical guidance for future SPPAL
development.

Comprehensive experimental modal analyses provided
robust validation of the theoretical and computational results,
distinctly revealing the modal behavior of the stepped plate
and explicitly confirming the effectiveness of the annular
steps in phase compensation. Acoustic measurements
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reinforced these findings, affirming the accuracy of the pro-
posed modeling approaches and the validity of the design
methodology. Additionally, the experimental characterization
identified the presence of CR, a structural excitation resulting
from intermodulation phenomena. CR was experimentally
demonstrated as inherent to the SPPAL due to its single-
transducer configuration combined with high-order flexural
mode operation of an extended radiating surface. Although
such a resonance is physically plausible in SPPAL-type sys-
tems, it has not been previously reported or examined in ear-
lier SPPAL studies.”* " Its identification in this work reveals
an important nonlinear-structural interaction unique to this
architecture and underscores the necessity of accounting for
similar resonant behavior in other flexural-based transducers
employing high-order vibrational modes. These findings high-
light the need for further investigation into resonance mitiga-
tion strategies for more robust and reliable implementation.
Overall, this work establishes a comprehensive work-
flow for the design and analysis of SPPAL—from theoreti-
cal modeling to practical implementation. Beyond
demonstrating the effectiveness of the proposed design
scheme, the study also identifies the inherent limitations of
the SPPAL concept, particularly those arising from the
structural dynamics of high-order-mode operation. These
findings are expected to inform the design of future flexural
transducer systems, especially those adopting similar princi-
ples. Moreover, the proposed design scheme offers a valu-
able foundation for the development of high-performance
PAL transducers and related nonlinear acoustic devices.

SUPPLEMENTARY MATERIAL

See the supplementary material for computational algo-
rithm descriptions used in multi-objective and global opti-
mization, and for detailed comparison of nonlinear acoustic
simulation methods (methods A—C).
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