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Underwater sound focusing via quasi-three-dimensional gradient-index lens
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Gradient-index lenses, enabled by meta-atoms, have demonstrated effective focusing capabilities in both
airborne and submerged environments. However, the current focusing capabilities remain constrained
primarily to two-dimensional systems. Here we introduce a quasi-3D gradient-index lens designed for
underwater sound focusing. This lens, characterized by a simple yet effective design, features an additional
degree of freedom along the axial direction, enabling controlled wave refraction in longitudinal and lateral
directions. To achieve this, eigenfrequency analysis and a scattering parameter retrieval method are used
to calculate the band structure and characterize the effective material properties. Numerical simulations
and experimental validation confirm the efficacy of the lens in focusing underwater sound and highlight
its potential for high-resolution sensing, advanced biomedical imaging, and efficient energy harvesting.

DOI: 10.1103/5z2y-d2c3

I. INTRODUCTION

Studying crystal-like and periodic structures at the sub-
wavelength scale has provided a robust platform for reveal-
ing previously unexplored physical properties [1-4]. In
particular, the controlled manipulation of the refractive
index has resulted in the realization of real-world systems
for metamaterials, metalenses, and gradient-index (GRIN)
lenses, including those exhibiting locally resonant char-
acteristics [5—14]. Building on these findings, significant
progress has been made in directing acoustic waves in
both air and water with the use of GRIN lenses, which are
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typically available in two-dimensional (2D) configurations
[15-17].

In general, dimensions are defined by the number of
axes along which physical quantities are measured inde-
pendently. While most studies have been centered mainly
on 2D structures for sound focusing [18-20], advance-
ments in 3D printing technology and additive manufac-
turing now enable the creation of complex structures,
such as phononic crystal (PC) GRIN lenses and metal-
enses, thereby extending their functionality to 3D struc-
tures. Additionally, the use of high-impedance materials
in fabrication extends the applications from airborne to
waterborne environments [21-23]. In particular, addi-
tive manufacturing has made it possible to produce
poroelastic microlattices, broadband flattened Luneburg
lenses, and other advanced acoustic components [24—27].
3D Luneburg lenses, as higher-dimensional systems,
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demonstrate considerable promise for energy harvesting
in acoustic systems [28]. Comparative studies of 2D and
3D acoustic metamaterials have provided valuable insights
into lens design, highlighting the unique advantages of 3D
structures, especially regarding band structures and stress
distributions [29].

Recent studies, such as investigations into acoustic
beam splitters [30], flow-permeable metalenses for subd-
iffraction sound focusing [31], and passive acoustic source
detection [32], highlight the expanding potential of these
technologies. Ongoing research on underwater acoustic
metamaterials [33] and equifrequency contour (EFC) engi-
neering are advancing the control of wave propagation,
allowing greater precision in wave steering [34]. These
design recipes are essential for achieving more complex
wave manipulation tasks.

In this work, we present a quasi-3D GRIN lens that
uses dual-axis wave control to enhance underwater sound
focusing. Our proposed design, which incorporates a spa-
tially varying refractive index, enables quasiomnidirec-
tional ultrasound focusing in underwater environments.
What makes this lens is the modulation of the refrac-
tive index in the longitudinal direction, combined with the
simultaneous control of lateral wave propagation. These
features are characterized by EFCs and are demonstrated
numerically through a straightforward structure and effi-
cient material use: stainless steel cylinders sandwiched
between cuboidal plates in water domains. To verify the
proof of the concept, we built a water tank setup and
experimentally captured underwater sound focusing. The
study of GRIN lenses has provided valuable insights into
acoustic wave manipulation, particularly in 2D configura-
tions where refractive index gradients are engineered to
achieve wave focusing. While these studies have success-
fully demonstrated wave control within a defined plane,
their physical implementation inherently extends into
three dimensions, influencing the overall wave dynam-
ics. By incorporating axial wave control alongside trans-
verse refraction, this study provides an extended analytical
framework that better reflects the full propagation char-
acteristics of acoustic waves. This refined approach has
potential applications in underwater sensing, biomedical
imaging, and energy harvesting.

II. METHODS

We begin by investigating the band structures of the unit
cell, which consists of a cylindrical meta-atom mounted
between cuboidal plates, as shown in Fig. 1. This con-
situent of the quasi-3D GRIN lens is made of stainless
steel (SUS304), a high-impedance material characterized
by its mass density peus304 = 8000 kg/m?, speed of sound
Csus304 = 5800 m/s, Young’s modulus Egs304=200 GPa,
and Poisson’s ratio vgs304 =0.27. This leads to a signifi-
cant reduction in sound penetration, making it well-suited
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FIG. 1. (a) Band structure of the quasi-3D GRIN lens com-

posed of SUS304 embedded in water. The band structure cal-
culated along the M-I"-X-R-M path in the irreducible Brillouin
zone, with the normalized frequency wa/2mc plotted as a func-
tion of the normalized wave number ka/27. (b) On the left is
the unit cell, and on the right is the Bloch mode of the acoustic
pressure at the point X' of the band structure.

for underwater sound focusing applications. The material
properties of the background medium (water) are defined
by the mass density p=1000 kg/m?® and the speed of
sound ¢=1500 m/s. The geometric parameters are as
follows: The diameter d and height Ayeta_atom Of the meta-
atom, and the height Ay of the plates are 2.394, 3,
and 1 mm, respectively. The lattice constant @ and height
h = hyeta—atom + 2hplaze Of the unit cell are 3 and 5 mm,
respecively.

p(r+a)=pre*?, (1

where p(r) is the periodic function of the position vector
r, a is the periodic lattice vector of the structure, Kk is the
Bloch wave vector, k-a represents the phase shift intro-
duced when we move one period along the lattice vector,
and e’*? is the complex exponential phase factor. There-
fore, p(r + a) represents the pressure at a position shifted
by the lattice vector a from the original position r within a
periodic structure. In band gaps, wave propagation is for-
bidden due to the absence of real-valued k& components,
and the gradient in ['-X is essential for determining both
the refractive index and the wave speed.
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In particular, the dispersion relation in a homogeneous
medium is given by w(k) = ck/ng, where w(k) is the angu-
lar frequency as a function of the wave number &, and
the effective refractive index sy can be directly calcu-
lated within the range between the points I and X. In
underwater environments, pressure waves, characterized
by compression and expansion resulting from changes in
density, dominate over shear waves. Consequently, we
leverage this mode for sound focusing with the quasi-3D
GRIN lens.

We reveal the quasi-3D nature by examining the EFCs
and mapping them to the corresponding 7. density in dif-
ferent planes of wave vector k space, including the k,-%,,
ky-k, and k-k, planes, as shown in Fig. 2. These contours
provide insight into the wave propagation characteristics
of the meta-atoms. Since the group velocity vy = Vi (K)
is perpendicular to the EFCs in a lossless medium, it indi-
cates the direction of energy flow for the outgoing plane
wave. All EFCs are calculated at a frequency of 150 kHz
with the packing factor Py~ 0.5 (d=2.394 mm) of the
meta-atom defined by P¢= Vieta—atom’V, Where Vieta—atom
is the volume of the cylindrical meta-atom and V is the
volume of the unit cell. We find that the dispersion sur-
face displays inhomogeneous and anisotropic behaviors,
which are essential for the design of the quasi-3D GRIN
lens, facilitating dual-axis wave control. Notably, the .-k,
plane exhibits unique properties in contrast to the k,-k.

(a) k, - k.= 0.00 k.=0.30 0.527
g
[ S 10274
ko3
k. k, or k= 0.00 ky, or k,=0.25 k, or k,=0.50
—— T ——— - eork 0.021
(b) k, k.=0.00 k.=0.15 k::0.30’ ~ 1815
D D ‘ Qe 2 L1y
k. k, or k= 0.00 k, or k.= 0.25 k, or k,=0.50
’ l l ‘ S ' ! 0.580

FIG. 2. (a) EFCs of the meta-atom in the k,-k,, k,-k;, and k-k,
planes. (b) Contours of the effective refractive index of the meta-
atom in the kc-k,, k,-k., and k.-k. planes. These contours illus-
trate the wave propagation characteristics across different planes,
offering insight into the anisotropic behavior of the meta-atom in
the quasi-3D GRIN lens.

and k;-k, planes, emphasizing the quasi-3D nature of the
meta-atom structure.

In detail, the EFCs in the kc-k, plane with the low-
est packing factor P¢ appear as perfect circular contours,
meaning that waves propagate isotropically in Fig. 3(a).
One can define that the radius of the EFCs, denoted as |k|,
determines the refractive index. In contrast, as the pack-
ing factor P increases, the contours take on a squarelike
shape with a greater degree of refraction, indicating the
emergence of self-collimation effects. Therefore, we can
establish a library of refractive indices based on the size
of meta-atoms. In Fig. 3(b), the EFCs in the k,-k. and k.-
ky planes exhibit an elliptical contour at k, = 0 (or &, = 0),
indicating that waves propagate anisotropically. Other-
wise, it shows that the EFCs at &, # 0 (ork, # 0) are
nearly straight lines with less curvature along the £, direc-
tion, showing they are disconnected rather than being
smoothly connected as expected. The reasoning behind
this mechanism is the impact of the top and bottom plates
between the cylindrical meta-atom. The direction of wave
propagation is understood by dx|k| o |ky| - m, which is
not permitted in the k; direction. Consequently, in the
x-y plane, waves propagate according to the refractive
index profile, whereas in the y-z and z-x planes, their
refraction is influenced by the finite structural height,
leading to anisotropic wave propagation. Previous studies
[15-20] have extensively demonstrated the effective-
ness of 2D GRIN lenses in wave focusing, provid-
ing a fundamental understanding of refractive index
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FIG. 3. EFCs of all meta-atoms at a frequency of 150 kHz,

forming the quasi-3D GRIN lens. The contours are shown in
(a) the k,-k, plane and (b) the k,-k. and k.-k, planes, demon-
strating the combined effect of individual meta-atoms in focusing
acoustic waves within the lens.

064057-3



SEONG JIN LEE et al. PHYS. REV. APPLIED 23, 064057 (2025)

a b ¢
@ ® ©
—
1.4 2394 ]
1
y 13
|2 2288 r(mm) <F 0 - N
1.1 : a, i——Re(n,) R i
—1F  eeImeny)
1.0 1.444 a, i ——Re(n,,)
------- Im(n,)
0.9 = ‘ ‘
260 —40 —20 0 20 40 60 0 75 150 225 300
R (mm) f(kHz)
d 100 60
( ) (e) a Re(B,)
50 s
401
N0 B & 8ot
|
a, :——Re(Z,) 201+ %
—50 ~Im,) 40 |
a, Re(Z,,) 1
------- InZ,) -, J
-100 0 s i |
0 75 150 225 300 0 75 150 225 300 0 5 150 225 300
f(kHz) f(kHz) f(kHz)

FIG. 4. (a)Quasi-3D GRIN lens in the x-y plane based on the refractive index profile of the Luneburg lens. (b) Relationship between
the refractive indices and the size of the meta-atoms. The graphs of the retrieved scattering parameters of the largest and smallest meta-
atoms display the effective (c) refractive index neg, (d) acoustic impedance Zg, (¢) bulk modulus Beg, and (f) mass density p.g as a
function of frequency, highlighting effective material properties at different frequencies.

modulation. However, in practical realizations, even struc-  without introducing any aberrations. The lens in the x-y
tures designed for two-dimensional analysis exhibit finite  plane, designed with a radius of 45 mm, is segmented into
axial dimensions, necessitating a broader interpretation of 15 concentric layers, allowing a smooth transition in the
wave behavior. To account for this, we analyze a Luneburg  refractive index profile of the Luneburg lens, as shown in
lens based on a 2D GRIN PC framework while explicitly =~ Fig. 4(a). The desired theoretical profile is as follows:
incorporating axial wave effects, thereby extending the
analytical perspective on acoustic wave propagation.

In principle, the Luneburg lens is capable of focus- S ( r >2 @
ing incoming waves to a focal point on its opposite side R/’
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FIG. 5. Numerical simulation of the quasi-3D GRIN lens. Spatial distributions of (a) sound intensity and (b) displacement are shown
when the lens is subjected to an incident wave at a frequency of 150 kHz. PML, perfectly matched layer.
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where r = /x? + 2 is the radial distance and R is the
radius of the lens. The relationship between the refrac-
tive indices and the size of the meta-atoms is shown in
Fig. 4(b). As shown in Eq. (2), the refractive index is
V2 at the center of the lens, and decreases radially to
reach 1 at the edge. Since the volume of the meta-atom
is proportional to the refractive index, the meta-atom at the
center is the largest, and its volume decreases toward the
edge.

We use the scattering parameter retrieval method to
assign effective constitutive parameters that correspond
to the refractive index profiles in a spatially parameter-
ized manner. This approach involves our evaluating the
scattering parameters, namely, the reflection coefficient
S11 and the transmission coefficient S,;, at the bound-
aries to obtain the effective refractive index nes, acoustic
impedance Z.g, bulk modulus B, and mass density pe,
expressed as follows:

—ilog x +2mm

nep = ——8 X T (3)

ka
r
ZC = B 4
T o284+ 82, - 8, @

Z

Bar= -, (%)
Heff

Peff = Zefitleft, (6)

where x = (1 — 8%, + 83, +7)/2S>1, m is the branch
number of the function cos™![(1 — S%l + S%l)/2S21], r=

:F\/(S%l - S%l — 1)2 - 4S§1, k is the wave number of the
background medium, and « is the slab thickness (lattice
constant) [10]. These material properties are calculated
over a frequency range of 0 to 300 kHz, with the high-
est refractive index observed at around 150 kHz for the
largest meta-atom, as shown in Figs. 4(c)—4(f). The bulk
modulus indicates resistance to compression as follows:
B = —V(dP/dV), where P is the acoustic pressure and V'
is the volume of the substance. It represents the ratio of
the infinitesimal increase in pressure to the resulting rela-
tive decrease in volume. The acoustic impedance and the
mass density have the following relationships: Z = pc and
o = m/V, where c is the speed of sound and m is the mass.
Zfr, Befr, and per are proportional to each other, as shown
in Egs. (5) and (6). That is, the higher the value of these
parameters, the greater the resistance to acoustic waves,
which ultimately lowers the energy of sound focusing.
When a threshold in focusing performance is reached at the
frequency of 150 kHz, the meta-atom resonates most effec-
tively, interacting with the incoming acoustic waves. How-
ever, at frequencies above 150 kHz, the refractive index
becomes negative, leading to phase shifts that adversely

affect the focusing performance. Therefore, the retrieved
material properties corresponding to the Luneburg-type
refractive index profile and the quasi-3D feature are ana-
lyzed by EFCs demonstrating both longitudinal and lateral
sound focusing.

II1. RESULTS

We conduct 3D full-wave simulations, and we find
that the designed lens shows significant sound focusing
when subjected to incident plane waves at a frequency of
150 kHz, as shown in Fig. 5. During simulations, perfectly
matched layers are applied to the outer boundaries to min-
imize the impact of reflected waves. Thin plates on the top
and bottom surfaces of cylindrical meta-atoms in the quasi-
3D GRIN lens also guarantee structural stability. We also
incorporate acoustoelastic coupling to mimic experimen-
tal conditions for the validation of focusing performance.
The governing equations of the acoustic wave (Helmholtz
equation) and the wave propagation in an elastic medium
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FIG. 6. (a) Experimental setup for validating the focusing per-

formance of the quasi-3D GRIN lens. (b) Schematic diagram
showing the placement of the lens and the transducer in the water
tank. PC, personal computer.
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are as follows:

Vip(r) + KEp(r) =f (1),

9%u(r)
p(r) op

— n(V x (V xu(r)) +f(r),

= (@) +2u@)V(V-u) D

where p(r) represents the acoustic pressure at the position
vector r = [x y z]”. The left-hand side of the first expression
in Eq. (7) denotes the spatial distribution and spreading of
the wave, and the right-hand side denotes the oscillatory
characteristics of the wave according to the medium and
the frequency. f (r) and f(r) represent an external, peri-
odically oscillating source at the position vector r. The
left-hand side of the second expression in Eq. (7) rep-
resents the inertia of the medium. A(r) and wu(r) are the
Lamé coefficients at the position vector r. V(V - u(r)) and
V x (V x u(r)) are the divergence and the curl of the
displacement at the position vector r, respectively. The
right-hand side of the second expression in Eq. (7) rep-
resents the deformation of the medium as pressure wave
and shear waves propagate, respectively. To numerically
solve the acoustoelastic coupling in Eq. (7), displacement
continuity and stress continuity should be satisfied. The
boundary conditions are given by

o’ ®)

where u is the displacement vector in the elastic domain,
n is the unit normal vector at the boundary, o is the stress
tensor in the elastic domain, and p represents the acoustic
pressure acting as the normal force on the boundary of the
solid.

~
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~

f=120 kHz £=130 kHz £=140 kHz

=
~ Incident plane

Focusing plane
.
-
-
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Figure 5(a) clearly illustrates the focusing behavior,
which is analyzed in three orthogonal planes—the x-y, y-z,
and z-x planes—on the basis of the refractive index pro-
file of the Luneburg lens. In the z-x plane, although the
refractive index deviates slightly from that of the Luneb-
urg lens, the acoustic waves are still refracted, as con-
firmed in Figs. 2 and 3. This leads to quasi-3D focusing,
allowing the manipulation of wave fronts across multi-
ple dimensions. In the y-z plane, the focal shape appears
elliptical rather than circular due to the anisotropic refrac-
tive index distribution, as shown in the EFC analysis in
Figs. 2 and 3. The nonuniform distribution of effective
wave vectors results in directional variations in phase
accumulation, which is directly reflected in the observed
focusing pattern. In Fig. 5(b), the bending mode in the
x-y plane reveals that the meta-atoms respond dynami-
cally to the incident acoustic wave, leading to controlled
refraction along the x axis. Additionally, the coupling
between the modes of the meta-atoms and the supporting
plates in the y-z and z-x planes dictates the redistribution
of acoustic energy. This interaction causes wave refrac-
tion not only in the transverse plane but also along the
z axis, reinforcing the quasi-3D nature of the focusing
process. The spatial distributions of sound intensity and
displacement provide further evidence of how the lens
governs wave propagation across multiple dimensions,
validating its effectiveness in quasi-3D acoustic manipu-
lation.

For the experiments, we construct a water tank setup
and fabricate both the lens and the ultrasonic transducer,
which are mounted on the bottom of the tank, as shown
in Fig. 6(a). The interior of the water tank is coated
with sound-absorbing materials to minimize reflections
for accurate pressure measurements. The PXI controller
(NI PXle-1062Q chassis with PXle-6124 multifunction
DAQ and PXle-5413 AWG) with LabVIEW manages the

f=150 kHz (©) 100 mm
=
1y ~ 8
e
1 ,’ . \\
il P
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g iy s .
Ella A T
g -
S| Eir - +
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Ao e i
By 22 > [
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\ Ll
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O I | ¢ calculation
. z S~._, | angularrange
0 to /2
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Experimental results for the focusing performance of the quasi-3D GRIN lens. Spatial distributions of sound intensity

in (a) the incident plane and (b) the focusing plane across various frequencies, illustrating the elliptical focal shapes achieved.
(c) Measurement range, lens area, and o calculation angular range by angle 6.
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hydrophone (Briiel & Kjer, Type 8105), amplifier (Briiel
& Kjer, Type 2693), transducer, and three-axis linear stage
(MISUMI, XCVL6300), and its controller (SURUGA
SEIKI D520), thereby providing precise control during
experimental operations in Fig. 6(b). Underwater sound
passing through the fabricated lens is measured with the
use of the hydrophone secured to the long rod connected
to the three-axis linear stage. As plane waves propagate
from the transducer to the fabricated lens, the hydrophone
captures pressure data, which are subsequently used for
postprocessing.

In Fig. 7, the experimental results demonstrate the
focusing performance of the quasi-3D GRIN lens at fre-
quencies of 120, 130, 140, and 150 kHz. To ensure con-
sistent data comparison across different frequencies, sound
intensity is normalized for both the incident plane and the
focal plane. To quantitatively measure the focusing effec-
tiveness, we define the amplification ratio (AR) as the
ratio of the maximum sound intensity in the focal plane
to the average intensity in the incident plane. The aver-
age intensity is calculated by our integrating the sound
power over the area of the incident plane that corresponds
to the size of the lens (90 x 20 mm?), as shown in Fig. 6.
Figures 8(a) and 8(b) illustrate the ARs along the y and
z axes, demonstrating the sound focusing capability in
different directions through the mechanism of dual-axis
control. The AR reaches approximately 10 at frequencies
of 140 and 150 kHz. This frequency-dependent behavior is
directly related to the effective refractive index distribution
of the meta-atoms, as analyzed in Fig. 4. The lens design
is optimized for peak focusing efficiency at 150 kHz, and
the deviations from this optimal refractive index profile
at lower frequencies naturally result in reduced focusing
performance.

Furthermore, to explicitly clarify the quasi-3D focusing
characteristics of the lens, we conducted additional quan-
titative analyses based on the angular dependency of the
normalized full width at half maximum (o/A). Figure 8(c)
presents the results for o/A measured systematically from
0 (transverse direction) to 7/2 (axial direction), with line
AA’ and 6 as shown in Fig. 7(c). Notably, we observe
a clear trend in which o/A progressively increases with
angle 6, indicating anisotropic wave focusing that results
directly from the lens’s quasi-3D anisotropic dispersion
properties. Specifically, when the angle 6 approaches 0, the
lens consistently achieves subwavelength acoustic focus-
ing (/A < 1), thus confirming effective wave manipu-
lation capability in the transverse direction. Conversely,
when 7/2 is approached (the axial direction), the focal
width gradually broadens, reflecting the diminished cur-
vature of the EFCs along the axial wave vector direction
(k, axis). Such angle-dependent focusing characteristics
contrast distinctly with the characteristics of fully isotropic
3D systems, which inherently yield uniform focal widths
across all directions.

(a)

10 120 kHz
130 kHz
8 — 140 kHz
—— 150 kHz
(a4
< 6
4
2
0 E —
—-45 =30 -IS5 0 15 30 45
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(b)
10 120 kHz
130 kHz
3 —— 140 kHz
— 150 kHz
(a4
<
(©
<
B 1.5
1.0f— & |
' o i @
0
0.5
120 130 140 150
f(kHz)
FIG. 8. Experimental results for the AR and o/ in the fre-

quency range from 120 to 150 kHz. The AR is plotted as a
function of position along (a) the y axis and (b) the z axis. (c) o/
as a function of frequency and calculated over the range obtained
by our rotating the line 44" of length 90 mm through angle 6 from
0 to 7/2, as shown in Fig. 7(c).

Moreover, at the specifically designed operational
frequency of 150 kHz, the lens demonstrates sub-
wavelength focusing («/A <1) at all measured angu-
lar orientations, clearly validating the targeted quasi-
3D anisotropic focusing mechanism. These additional
experimental analyses shown in Fig. 8(c) provide robust,
quantitative evidence reinforcing the anisotropic nature
and quasi-3D acoustic manipulation capabilities of the
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lens as explicitly defined in our study. These findings,
consistently supported by the theoretical analyses pre-
sented in Figs. 2 and 3 and the experimental data shown
in Figs. 7 and 8, collectively substantiate the intended
physical mechanism and its operational range. Addition-
ally, the symmetrical patterns observed above and below
the focal region at various frequencies [Fig. 7(b)] further
indicate the structural influences and anisotropic disper-
sion characteristics inherent to our lens design. Thus, the
present analysis comprehensively addresses the quasi-3D
nature of the lens in alignment with our previous definition
of dimensionality established in Sec. 1.

IV. DISCUSSION

We introduced a quasi-3D GRIN lens for underwater
sound focusing, supported by both numerical simulations
and experimental findings. Through EFC analysis of the
wave behavior of the meta-atoms across multiple planes,
we demonstrated the potential for dual-axis control, which
can be leveraged in metamaterials for efficient sound
manipulation. The quasi-3D structure enabled greater pre-
cision in controlling wave propagation along the longitudi-
nal and lateral axes, making it effective and straightforward
for a wide range of underwater acoustic applications. The
underlying design principle is versatile and can be used in
other metamaterial-based systems, offering possibilities for
GRIN lenses and beyond.

We recognize that further refinements can be made
to extend the scope of this study. As shown in Figs. 2
and 3, the EFC analysis provided insight into the spa-
tial anisotropy of wave propagation, serving as a fun-
damental indicator of quasi-3D characteristics. Further-
more, both numerical (Fig. 5) and experimental (Fig. 7)
results demonstrated that the focal shape deviates from
an isotropic circular form, aligning with the anisotropic
wave propagation predicted by the EFC analysis. These
results collectively support the quasi-3D interpretation of
the proposed lens. In particular, the quantitative angular
analysis of the focal width (o/A) provided strong and direct
experimental validation of the lens’s anisotropic dispersion
and quasi-3D focusing capabilities, distinctly separating
our approach from fully isotropic 3D focusing methods.
While this study presents a comprehensive analysis of
quasi-3D focusing through wave front control and energy
redistribution mechanisms, additional investigations into
the precise interplay between lens height and plate slab
thickness could provide further refinements. Moreover, an
extended frequency-domain analysis could offer additional
validation of the broadband behavior of the lens in prac-
tical underwater applications. However, the current study
already establishes a strong foundation for understanding
quasi-3D wave manipulation, and the results presented
substantiate the core principles governing the designed
lens.

Furthermore, the assumption of rigid meta-atoms, which
is valid in air, becomes less reliable in water due to smaller
impedance contrast and potential structural resonances,
even in high-impedance materials such as steel [35]. These
considerations could impact acoustic wave transmission
and focusing efficiency. We hope that advanced model-
ing techniques such as topology optimization and artificial
intelligence—driven algorithms will be pivotal in accurately
predicting and enhancing the focusing performance of
metamaterials in water-based environments, thus address-
ing these challenges and paving the way for innovative
designs.
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