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A B S T R A C T

A stepped-plate transducer (SPT) uses an extensive radiating plate to produce highly-directional ultrasound
beams. In this paper, we present an improved analytical model for designing the polymer-composite stepped-
plate transducer (PCSPT). The polymer-composite features the lightweight and flexible properties, and there
can be little change in the resonant frequency and mode shape when the steps are attached. With the
outstanding merit, it is feasible to construct SPTs with polymer-composite steps without taking the steps into
consideration. The modified Mindlin plate theory (MMPT) is applied to improve the accuracy in the equivalent
circuit model (ECM) that is used to predict the high-frequency vibratory responses. Our analytical model can be
used to design well-tuned SPTs to achieve the desired dynamic responses such as resonant frequencies, mode
shape and bandwidth for various high-power ultrasonic applications. We use several numerical design examples
to illustrate that the design of the transducer can be accomplished without analyzing the sophisticated stepped-
plate’s behavior. We also perform a series of experiments to verify that the PCSPT is capable of functioning
as a high-power ultrasonic transducer.
1. Introduction

The stepped-plate transducer (SPT) [1] is a useful radiator for in-air
high-power ultrasonic applications, e.g., ultrasonic agglomeration [2],
acoustic levitation [3], distance ranging [4,5], defoaming [6], dehydra-
tion [7], and harmonic radiation force generator [8]. It has a relatively
simple structure that uses only one actuating part, so it can be manu-
factured at lower cost than other generators of airborne ultrasound [9].
SPT can radiate intensive sound beams in air at a relatively high power-
efficiency, but design of a decent SPT for a given target frequency can
be a difficult task. To maximize the strength of radiated sound beams,
the SPT for mono-frequency sound beams should be so designed that
the chosen operating frequency of the stepped-plate is well matched
with the resonance frequencies of the Langevin transducer that uses
a mechanical horn [10]. However, to meet this requirement entails
the difficulty of designing a stepped circular plate that has a desired
vibration mode shape when excited in the axial direction of the circular
plate [10,11]. Consequently, development of a well-designed SPT with
a given operating frequency and a desired strength of emitted sound
beams, is an important research goal [12].

The conventional SPT can be modified for use as a wide-band
ultrasound beam radiator [9–11]. If the ultrasonic beam radiates at two

∗ Corresponding authors.
E-mail addresses: bs.oh@postech.ac.kr (B. Oh), kcycj@postech.ac.kr (C. Kim), dwlee93@postech.ac.kr (D. Lee), jsrho@postech.ac.kr (J. Rho),

wkmoon@postech.ac.kr (W. Moon).

frequencies, their nonlinear interaction can be exploited to generate a
difference frequency wave [9]; this phenomenon is, called a parametric
array (PA) [13]. The SPT can be used as a kind of PA loudspeaker [10]
if appropriate changes are adopted in the design processes so that its
multiple resonances would closely placed in the frequency domain; this
change widens the bandwidth by exploiting the multi-resonant phe-
nomenon that is caused by closely-spaced resonant frequencies [10].
The target application requires wide-band ultrasounds, which can be
generated by a different kind of tuning process to match the resonance
frequencies of the stepped-plate and the actuating part. During the
design process, the most difficult part is to identify the geometry of
a stepped-plate to resonate at a target frequency with a desired mode
shape and height of steps at desired locations on a circular plate. One
option is to use a stepped-plate in which the step parts have smaller
total volume than the flat part of the plate, but this method requires
a considerably thick plate, which causes low vibration amplitude and
parasitic vibration mode excitation [10].

Recently, it is reported that the steps composed of the polymer-type
composite material that has sufficiently small density and Young’s mod-
ulus might avoid considerable changes to the resonance frequencies
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and corresponding vibration mode shapes [11]. A polymer-composite
step can be molded easily on the flat circular plate, and a polymer-
composite stepped-plate transducer (PCSPT) made by such technique
might almost preserve the desired resonance frequencies and mode
shapes [11]. This result implies that the flat plate model can be sub-
stitute for that of the stepped-plate and might reduce the burden in the
design process of the stepped-plate PA loudspeaker because a precise
theoretical model such as the ECM has been already developed for the
flat plate transducer (FPT) [14]. Consequently, the analytical model for
a flat plate would be useful in design analyses to predict the dynamic
behaviors of SPTs, if the polymer composite steps are fabricated on
the flat circular plate to make a desired stepped-plate. Although the
polymer-composite stepped-plate technology was introduced for PA
loudspeaker applications [11], it can be used for a conventional SPT
that emits mono-frequency ultrasonic beams, so the FPT model can be
also applied to design processes for the conventional SPT. When applied
to conventional SPT, the existing FPT model [14] does not calculate
resonance frequencies of the high vibration modes accurately enough
to predict the dynamic behaviors of SPT. This inaccuracy impedes
design of a well-tuned SPT to achieve the required dynamic responses.
This failure indicates the need to develop a design model to that can
precisely predict the vibratory behaviors of the whole SPT, in addition
to its resonance frequencies and the corresponding vibration modes of
a flat plate.

In this paper, the modified Mindlin plate theory (MMPT) [15] is
used to improve the accuracy in the ECM that is used to predict
the vibration responses of SPT that is operated at high bending-mode
frequency. This model is much more accurate than the previous FPT
model based on the classical plate theory [14] in predicting resonance
frequencies and their corresponding mode shapes. The benefit of the
new model is evaluated by applying to the design processes for a
conventional SPT and a stepped-plate PA loudspeaker.

2. Polymer composite stepped-plate transducer (PCSPT)

In general, the resonance frequency of the radiation plate is changed
significantly when the steps are attached, because they are manufac-
tured of the same metal as the plate [10]. Especially, unpredictable
mode shapes occur if the plate is thinner than the height of the
steps [11]. Because of these changes, appropriate phase compensa-
tion is impossible, so the development of directional sound waves
is restricted. Therefore, the plate’s thickness must be comparable to
the height of the steps [10]. The acoustic radiation efficiency can be
increased by thinning the plate [10], but this approach is not possible
in conventional SPTs. Heat generation can also degrade the vibration
amplitude of the transducer. The driving part of the SPT is a Langevin
transducer, which is a piezoelectric sandwich transducer. Langevin
transducers mainly use piezoelectric ceramics that have high electro-
mechanical coupling coefficient and low dielectric loss to generate
high-amplitude vibration [16]. These piezoceramics have a very small
dielectric loss (about 0.2∼0.3%). However, in high-voltage operation
conditions, dielectric loss increases significantly due to the strong
electric field and consequent high vibration stress [17–20], which
leads to heat generation and resonant frequency transition [21,22].
Therefore, the device must be equipped with a heat sink or other
cooling device [11,23].

These design constraints can be overcome by using a SPT in which
the steps are composed of polymer-composite rather than the same
metal as the plate. If a polymer-type composite material has light
and flexible mechanical properties, then the polymer-composite steps
can have negligible effects on the resonance frequency and the mode
shape [11]. In addition, mechanical damping by the polymer-composite
steps effectively suppresses the heat generation of the piezoelectric
ceramics, and thus avoids the resonant frequency transition and vibra-
tion amplitude degradation [11]. This result shows that the required
bending mode and target frequency can be obtained by considering
only the flat plate, so the process is thus much simpler than design of
2

the general SPT.
Fig. 1. Schematic diagram of the polymer-composite stepped-plate transducer (PCSPT).

3. Theoretical analysis for transducer design

3.1. Transducer components

The proposed transducer (refer to Fig. 1 and Table A.1) consists of
three parts: driver, amplifier, and radiating plate. Aluminum and steel
are mainly used for matching and backing. For piezoelectric ceramics,
lead zirconate titanate (PZT) is widely used for high-power applications
because of its high Q-factor and piezoelectric constants [24,25]. The
vibration displacement of the Langevin transducer is amplified by
a horn and then transmitted to the radiating plate. We use a step-
type horn, which is a standard structure for conventional piezoelectric
ultrasonic transducers.

3.2. High-frequency vibratory radiating plate with moderate thickness: A
theoretical model for the radiating plate

In this section, we discuss the plate theory to analyze the dynamic
behavior of the radiating plate. The Kirchhoff plate theory, also called
classical plate theory (CPT), which is the fundamental theory of plates
and has been widely used to analyze their mechanical behavior [26].
CPT assumes a thin plate and ignores transverse shear deformation
and rotary inertia. However, at higher-order vibration mode or when
plate thickness is increased, these effects also increase; CPT would then
produce a significant error [27–31]. Usually, the radiation plate of
the stepped-plate transducer undergoes high-frequency flexural vibra-
tion [1,8–11,32]; therefore, CPT may not be applicable. To accurately
predict the behavior of the radiation plate in a PCSPT, transverse
shear deformation and rotary inertia effects must be included. Mindlin–
Reissner plate theory [31,33] is a well-known conventional theory
that considers the shear deformation and the rotary inertia effects; it
is generally recognized as being suitable for moderately thick, high-
frequency vibration plates. Various studies have been published on the
plate theory subsequent to the work of Mindlin and Reissner; Liew et al.
performed a literature review on plate theories [34].

3.2.1. Modified Mindlin plate theory (MMPT)
In this work, we model the radiating plate by using the MMPT [15],

which divides the displacement into pure bending deflection, shear
deflection, bending rotations, and in-plane shear angles [15,35,36].
Three partial differential equations of motion in MMPT can be reduced
to a single equation with that has only the bending displacement as a
fundamental variable; the remaining components, namely the angles of
rotation and shear deflection, can be expressed as potential functions
with respect to the bending displacement. These simplifications reduce
the computational cost of solving plate problems, and thereby increases
the efficiency of analysis. In a PCSPT, the mechanical horn acts as
a vibration amplifier that excites the center of the plate; therefore,
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we can consider a center-excited axisymmetric free-edge plate [11].
The reduced equation for flexural vibrations in the polar coordinates
is [15,36]

𝛥𝑟𝛥𝑟𝑊𝑏 + 𝜔2 𝐽
𝐷

(

1 + 𝑚𝐷
𝐽𝑆

)

𝛥𝑟𝑊𝑏 + 𝜔2 𝑚
𝐷

(

𝜔2𝐽
𝑆

− 1
)

𝑊𝑏 = 0, (1)

here 𝛥𝑟(⋅) = 𝜕2(⋅)∕𝜕𝑟2 + (1∕𝑟)𝜕(⋅)∕𝜕𝑟 is the Laplacian operator, 𝐽 =
(ℎ3∕12) is the mass moment of inertia of the cross section with unit
readth, where ℎ indicates the plate thickness, 𝑚 = 𝜌ℎ is the plate

mass per unit area, 𝐷 = 𝐸ℎ3∕[12(1 − 𝜈2)] is the flexural rigidity, and
𝑆 = 𝜅𝐺ℎ is the shear stiffness with the shear correction coefficient
𝜅 = 5∕(6 − 𝜈) [37]. By introducing parameters 𝜆 and 𝜒 , Eq. (1) can
be expressed as

(𝛥𝑟 + 𝜆2)(𝛥𝑟 − 𝜒2)𝑊𝑏 = 0. (2)

Eq. (1) and Eq. (2) are identical, so

𝜆2 = 1
2
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(
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)

⎤

⎥

⎥

⎦

.

(3)

y substituting 𝜆 = 𝜉∕𝑟 and 𝜒 = 𝜂∕𝑟 in Eq. (2), Bessel’s differential
quation and modified Bessel’s differential equation can be expressed,
espectively, as

𝑑2𝑊𝑏

𝑑𝜉2
+ 1

𝜉
𝑑𝑊𝑏
𝑑𝜉

+𝑊𝑏 = 0,
𝑑2𝑊𝑏

𝑑𝜂2
+ 1

𝜂
𝑑𝑊𝑏
𝑑𝜂

−𝑊𝑏 = 0. (4)

rom Eq. (4), the general solution can be expressed as a linear combi-
ation of the Bessel function of the first kind and the modified Bessel
unction of the first kind,

𝑏 = 𝐶1𝐽0(𝜉) + 𝐶2𝐼0(𝜂). (5)

he total bending deflection 𝑊 = 𝑊𝑏 + 𝑊𝑠 can be expressed using
q. (5) and the Fourier transformation of the shear deflection 𝑤𝑠 =

−𝛥𝑤𝑏(𝐷∕𝑆) + (𝐽∕𝑆)(𝜕2𝑤𝑏∕𝜕𝑡2) [15] as

𝑊 =
(

1 − 𝜔2 𝐽
𝑆

)

[

𝐶1𝐽0(𝜉) + 𝐶2𝐼0(𝜂)
]

− 𝐶1
𝐷
𝑆
𝜆2

[

𝐽 ′′
0 (𝜉) + 𝐽 ′

0(𝜉)∕𝜉
]

− 𝐶2
𝐷
𝑆
𝜒2 [𝐼 ′′0 (𝜂) + 𝐼 ′0(𝜂)∕𝜂

]

.
(6)

The bending moment and effective shear force can be expressed as

𝑀𝑟 = −𝐷
(

𝑑2𝑊𝑏

𝑑𝑟2
+ 𝜈

𝑟
𝑑𝑊𝑏
𝑑𝑟

)
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(
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𝜈
𝜉
𝐽 ′
0(𝜉)

)
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(
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𝜈
𝜂
𝐼 ′0(𝜂)

)

,

𝑄𝑟 = −𝐷
(

𝑑3𝑊𝑏

𝑑𝑟3
+ 1

𝑟
𝑑2𝑊𝑏

𝑑𝑟2
− 1

𝑟2
𝑑𝑊𝑏
𝑑𝑟

)

− 𝜔2𝐽
𝑑𝑊𝑏
𝑑𝑟

= −𝐶1𝐷𝜆3
(

𝐽 ′′′
0 (𝜉) +

𝐽 ′′
0 (𝜉)
𝜉

−
𝐽 ′
0(𝜉)

𝜉2

)

− 𝐶2𝐷𝜒3

(

𝐼 ′′′0 (𝜂) +
𝐼 ′′0 (𝜂)
𝜂

−
𝐼 ′0(𝜂)

𝜂2

)

− 𝜔2𝐽
[

𝐶1𝜆𝐽
′
0(𝜉) + 𝐶2𝜒𝐼

′
0(𝜂)

]

.

(7)

3.2.2. Modal analysis: Free-edge circular plate
The radiating plate undergoes flexural vibration by center excita-

tion; therefore, the free-edge boundary conditions must be considered.
Applying the boundary conditions (𝑀 | = 0, 𝑄 | = 0) in Eq. (7)
3

𝑟 𝑟=𝑅 𝑟 𝑟=𝑅
yields

𝐶1

(

𝜆2𝐽 ′′
0 (𝜆𝑅) +

𝜈𝜆
𝑅
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)

+ 𝐶2

(

𝜒2𝐼 ′′0 (𝜒𝑅) +
𝜈𝜒
𝑅
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)
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𝐶1

[

𝐷
(

𝜆3𝐽 ′′′
0 (𝜆𝑅) + 𝜆2

𝑅
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𝜆
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)
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]

+
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[
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𝜒
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𝐼 ′0(𝜒𝑅)
)
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]

= 0.

(8)

Eq. (8) forms an eigenvalue problem, which can be expressed in matrix
form

[

𝐾11 𝐾12
𝐾21 𝐾22

]{

𝐶1
𝐶2

}

= {𝟎} ,

𝐾11 = 𝜆2𝐽 ′′
0 (𝜆𝑅) +

𝜈𝜆
𝑅

𝐽 ′
0(𝜆𝑅), 𝐾12 = 𝜒2𝐼 ′′0 (𝜒𝑅) +

𝜈𝜒
𝑅

𝐼 ′0(𝜒𝑅),

𝐾21 = 𝐷
(

𝜆3𝐽 ′′′
0 (𝜆𝑅) + 𝜆2

𝑅
𝐽 ′′
0 (𝜆𝑅) −

𝜆
𝑅2

𝐽 ′
0(𝜆𝑅)

)

+ 𝜔2𝐽𝜆𝐽 ′
0(𝜆𝑅),

𝐾22 = 𝐷
(

𝜒3𝐼 ′′′0 (𝜒𝑅) +
𝜒2

𝑅
𝐼 ′′0 (𝜒𝑅) −

𝜒
𝑅2

𝐼 ′0(𝜒𝑅)
)

+ 𝜔2𝐽𝜒𝐼 ′0(𝜒𝑅),

(9)

where 𝐶1 and 𝐶2 are the constants of the eigenvector that will be fixed
by the boundary conditions. Solving this problem yields the natural
frequencies and mode shapes.

3.2.3. Harmonic analysis: Mechanical impedance of the plate
In this section, we derive the mechanical impedance of the plate

serving as the mechanical load. This impedance function will be applied
to the electro-mechanical equivalent circuit model. The total deflection
(Eq. (6)) can be expressed as a mode function 𝑊𝑖 that has amplitude
parameter 𝐴𝑖 and mode shape parameter 𝐵𝑖, as

𝑊𝑖 = 𝐴𝑖

[

{

(

1 − 𝜔2
𝑖
𝐽
𝑆

)

𝐽0(𝜆𝑖𝑟) − 𝜆2𝑖
𝐷
𝑆

(

𝐽 ′′
0 (𝜆𝑖𝑟) +

𝐽 ′
0(𝜆𝑖𝑟)
𝜆𝑖𝑟

)}

+

𝐵𝑖

{

(

1 − 𝜔2
𝑖
𝐽
𝑆

)

𝐼0(𝜒𝑖𝑟) − 𝜒2
𝑖
𝐷
𝑆

(

𝐼 ′′0 (𝜒𝑖𝑟) +
𝐼 ′0(𝜒𝑖𝑟)
𝜒𝑖𝑟

)}

]

,

(10)

where 𝑖 indicates the mode number. 𝐵𝑖 can be written as

𝐵𝑖 = −
(

𝐾11

𝐾12

)

𝑖
= −

(

𝐾21

𝐾22

)

𝑖
= −

𝜆2𝑖
𝜒2
𝑖

(

𝐽 ′′
0 (𝜆𝑖𝑅) + [𝜈∕𝜆𝑖𝑅] 𝐽 ′

0(𝜆𝑖𝑅)
𝐼 ′′
0 (𝜒𝑖𝑅) + [𝜈∕𝜒𝑖𝑅] 𝐼 ′

0(𝜒𝑖𝑅)

)

= −
𝜆3𝑖
𝜒3
𝑖

(

𝐷
[

𝐽 ′′′
0 (𝜆𝑖𝑅) + 𝐽 ′′

0 (𝜆𝑖𝑅)∕𝜆𝑖𝑅 − 𝐽 ′
0(𝜆𝑖𝑅)∕(𝜆𝑖𝑅)

2] − 𝜔2
𝑖 𝐽𝜆𝑖𝐽

′
0(𝜆𝑖𝑅)

𝐷
[

𝐼 ′′′
0 (𝜒𝑖𝑅) + 𝐼 ′′

0 (𝜒𝑖𝑅)∕𝜒𝑖𝑅 − 𝐼 ′
0(𝜒𝑖𝑅)∕(𝜒𝑖𝑅)2

]

− 𝜔2
𝑖 𝐽𝜒𝑖𝐼 ′

0(𝜒𝑖𝑅)

)

,

(11)

here 𝐶𝑖 and 𝐾𝑖𝑗 (where 𝑖, 𝑗 = 1 and 2) are given in Eq. (9), and 𝐴𝑖
an be expressed as [38]

∬𝑆
𝜌ℎ𝑊 2

𝑖 𝑑𝑆 = 𝑚,

2
𝑖 =

𝑅2

2

(

∫

𝑅

0
𝑟[
{

(1 − 𝜔2
𝑖 𝐽∕𝑆)𝐽0(𝜆𝑖𝑟) −𝐷𝜆2𝑖 ∕𝑆(𝐽

′′
0 (𝜆𝑖𝑟) + 𝐽 ′

0(𝜆𝑖𝑟)∕𝜆𝑖𝑟)
}

+𝐵𝑖
{

(1 − 𝜔2
𝑖 𝐽∕𝑆)𝐼0(𝜒𝑖𝑟) −𝐷𝜒2

𝑖 ∕𝑆(𝐼
′′
0 (𝜒𝑖𝑟) + 𝐼 ′0(𝜒𝑖𝑟)∕𝜒𝑖𝑟)

}

]2𝑑𝑟
)−1

.

(12)

We integrate Eq. (12) to obtain the explicit form by using Mathematica
program of Wolfram Research, and the resulting 𝐴−2

𝑖 can be expressed
as

𝐴−2
𝑖 = 1

𝑆

[

𝜗2𝑖
{

𝐽 2
0 (𝜆𝑖𝑅) + 𝐽 2

1 (𝜆𝑖𝑅)
}

+ 𝐵2
𝑖 𝜑

2
𝑖
{

𝐼20 (𝜒𝑖𝑅) − 𝐼21 (𝜒𝑖𝑅)
}

− 4
𝐵𝑖
𝑅

𝜒𝑖𝜗𝑖𝜑𝑖

𝜆2𝑖 + 𝜒2
𝑖

{

𝐽0(𝜆𝑖𝑅)𝐼1(𝜒𝑖𝑅) + 𝐽1(𝜆𝑖𝑅)𝐼0(𝜒𝑖𝑅)
}

]

,
(13)

here, 𝜎𝑖, 𝜗𝑖 and 𝜑𝑖 are three introduced expressions

𝑖 = 𝜔2
𝑖
𝐽
𝑆

− 1, 𝜗𝑖 = 𝐷𝜆2𝑖 − 𝜎𝑖𝑆, 𝜑𝑖 = 𝐷𝜒2
𝑖 + 𝜎𝑖𝑆. (14)

Next we use the modal superposition method to analyze the forced
vibration response or frequency response function (FRF), where the
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Fig. 2. Mechanical impedance of plates according to ℎ∕𝑅 and the frequency parameter 𝛺. 𝑋plate indicates the reactance of the plates, which is the imaginary part of the impedance.
(a) ℎ∕𝑅 = 0.005, (b) ℎ∕𝑅 = 0.01, (c) ℎ∕𝑅 = 0.02, and (d) ℎ∕𝑅 = 0.05.
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𝐶
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plate’s response is described by linear combinations of the vibration
modes 𝑊𝑖(𝑟) and the natural frequencies 𝜔𝑖 [38–42],

(𝑟, 𝜔) = 𝐹
∞
∑

𝑖=0

𝑊𝑖(𝑟0)𝑊𝑖(𝑟)
𝜌𝜋𝑅2ℎ(𝜔2

𝑖 − 𝜔2 + 2𝑗𝜁𝑖𝜔𝑖𝜔)
, (15)

here 𝐻 is a function of the driving point 𝑟0 and the response point 𝑟,
nd 𝜁𝑖 indicates damping ratio. For the radiating plate in PCSPT, the
orn excites the center point, and the desired response point is the
ame. Thus, Eq. (15) can be rewritten as

𝐻 = 𝐹
∞
∑

𝑖=0

(

𝑊𝑖|𝑟=0
)2

𝜌𝜋𝑅2ℎ(𝜔2
𝑖 − 𝜔2 + 2𝑗𝜁𝑖𝜔𝑖𝜔)

. (16)

Finally, we obtain the driving point mechanical impedance of the plate
as

𝑍plate = 𝐹
𝑗𝜔𝐻

. (17)

In Fig. 2, we show several mechanical impedance (lossless, pure
imaginary reactance) curves of the aluminum plates according to ℎ∕𝑅
and the frequency parameter, which is defined by 𝛺 = 𝜔𝑅2

√

𝜌ℎ∕𝐷. If
the reactance of a plate goes to zero, the mechanical resonance states
have been reached; conversely, if the reactance reaches infinity, anti-
resonant states have been reached. Results obtained using FEM, CPT,
and MMPT all have good accuracy for ℎ∕𝑅 = 0.005 (thin plate), but as
ℎ∕𝑅 increases, the accuracy of CPT decreases, whereas the results of
MMPT remain the same as those of FEM. As discussed, SPTs operate at
ultrasonic frequency, so use of MMPT is appropriate regardless of plate
thickness as well as the operating frequency.

3.3. Equivalent circuit model

In this section, we describe the ECM for combining the radiating
plate and Langevin-type piezoelectric transducer. An ECM is an effec-
tive method for investigating the frequency response of an ultrasonic
transducer [12,43–47]. The components of the transducer (Fig. 1)
can be expressed using an ECM. Several studies have been conducted
to establish ECM for flat plate radiators [14,48]. Transducers with
4

radiating plates that behave in high-order bending modes cannot fully
exploit of the results from [48], because it considered only the lowest
bending mode of the plate. An ECM that includes radiating plates
with high-order modes [14] cannot be implemented when the ratio
ℎ∕𝑅 is not sufficiently small or at high-frequency operation because
the mechanical behavior of the plates was investigated using CPT.
In the following section, we use design examples to demonstrate the
high accuracy of our newly-developed ECM across a wide range of
plate dimensions and operating frequencies. The overall behavior of
the transducers can be understood by combining the driving part and
the mechanical impedance of the plate derived from the MMPT. The
ECM of the transducer (Fig. 3) does not include the steps because the
polymer-composite steps have little effect on the resonance frequency
and mode shape of the plate; therefore, a flat plate without steps can be
considered [11]. The expressions for the series and parallel impedance
in Fig. 3 are

𝑍𝑏1 = 𝑍𝑏2 = 𝑗𝑍𝑏0 tan(𝑘𝑏𝑙𝑏∕2), 𝑍𝑝1 = 𝑍𝑝2 = 𝑗𝑍𝑝0 tan(𝑘𝑝𝑙𝑝∕2),

𝑍𝑚1 = 𝑍𝑚2 = 𝑗𝑍𝑚0 tan(𝑘𝑚𝑙𝑚∕2), 𝑍ℎ1 = 𝑍ℎ2 = 𝑗𝑍ℎ0 tan(𝑘ℎ𝑙ℎ∕2),

𝑍𝑏3 = −𝑗𝑍𝑏0∕ sin(𝑘𝑏𝑙𝑏), 𝑍𝑝3 = −𝑗𝑍𝑝0∕ sin(𝑘𝑝𝑙𝑝),

𝑍𝑚3 = −𝑗𝑍𝑚0∕ sin(𝑘𝑚𝑙𝑚), 𝑍ℎ3 = −𝑗𝑍ℎ0∕ sin(𝑘ℎ𝑙ℎ),

𝑏0 = 𝜌𝑏𝑐𝑏𝑆𝑏, 𝑍𝑝0 = 𝜌𝑝𝑐𝑝𝑆𝑝, 𝑍𝑚0 = 𝜌𝑚𝑐𝑚𝑆𝑚, 𝑍ℎ0 = 𝜌ℎ𝑐ℎ𝑆ℎ,

(18)

here 𝑘 denotes longitudinal wavenumber, 𝜌 is density, 𝑐 is sound
speed, and 𝑆 is cross-sectional area. 𝑍𝑚𝑙 is the mechanical load, i.e., the
mechanical impedance of the radiating plate (Eq. (17)). The clamped
capacitance 𝐶0 and the electro-mechanical conversion coefficient 𝑁 are
iven as

0 = 𝑝2𝑆𝑝𝜀
𝑇
33(1 − 𝑘233)∕𝑙𝑝, 𝑁 = 𝑝𝑑33𝑆𝑝∕(𝑠𝐸33𝑙𝑝), (19)

here 𝑘233 = 𝑑233∕(𝜀
𝑇
33𝑠

𝐸
33) is the electromechanical coupling coefficient,

and 𝑝 is the number of piezoceramic discs. Finally, we can set the matrix
equation by applying Kirchhoff’s circuit laws, so the velocity responses

of each part (𝑢1, … , 𝑢5, see Figs. 1 and 3) of the transducer can be
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Fig. 3. Equivalent circuit model of the flat plate transducer.
Fig. 4. Dynamic characteristics of the transducers: (a)–(b) Mode shapes of the plates. (c)–(d) Velocity responses: ECM with mechanical impedance of the plate from the CPT
dotted), ECM with mechanical impedance of the plate from the MMPT (black solid), FEM without (blue lines) and with steps (red lines).
btained from the following relation
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, (20)

here 𝑍11 = −(𝑍𝑏1 + 𝑍𝑏3), 𝑍12 = 𝑍21 = 𝑍𝑏3, 𝑍22 = −(𝑍𝑏1 + 𝑍𝑏3 +
𝑝1 + 𝑍𝑝3), 𝑍23 = 𝑍32 = 𝑍𝑝3, 𝑍33 = −(𝑍𝑝1 + 𝑍𝑝3 + 𝑍𝑚1 + 𝑍𝑚3), 𝑍34 =
43 = 𝑍𝑚3, 𝑍44 = −(𝑍𝑚1 + 𝑍𝑚3 + 𝑍ℎ1 + 𝑍ℎ3), 𝑍45 = 𝑍54 = 𝑍ℎ3, and

𝑍55 = −(𝑍ℎ1 +𝑍ℎ3 +𝑍𝑚𝑙).

4. Numerical design examples

In this section, we present numerical design examples for two trans-
ducers (Table A.2) that have different target frequencies, and therefore
can be used for different purposes. Among the various applications of
SPTs, we chose a source transducer for harmonic radiation force gener-
ation [8] with a operating frequency of 25 kHz and a PA source [10,11]
with a target frequency of 75 kHz as design examples.

As a first example, we design the transducer with a 25 kHz operating
5

frequency. We adopt a previous design of a SPT for source transducer of
harmonic force generation [8]. For detailed design of the plate’s com-
plex geometrical shape, the authors used Genetic algorithm [49] and
the modal assurance criterion to match the mode shape and resonant
frequencies. Here, we will demonstrate that the SPT can be designed
without complicated design process by exploiting the advantages of
polymer-composite steps. We selected a plate with a radius of 150 mm
and a thickness of 7.3 mm, similar to the dimensions designed in [8].
We used a polymer-composite that has a density of 500 kg/m3, Young’s
modulus of 1.5 GPa, and Poisson’s ratio of 0.23. The plate had ℎ∕𝑅 =
0.049, with eigenmode and frequency calculated using MMPT are 6 th
and 25.04 kHz, respectively. The position and height of the steps can
be easily determined by the nodal points of the mode shape and the
half-wavelength that corresponds to the eigenfrequency [11]. Detailed
geometries and dimensions of the steps are described in Fig. A.1,
Table A.3. As shown in Fig. 4(a), comparison of the mode shapes calcu-
lated by MMPT (without steps), and FEM (without steps and with steps)
show that the presence of steps does not significantly affect the mode
shape. The Langevin transducer is a half-wavelength resonator [16],
so this part can be designed to have near the target frequency. In
Fig. 4(c), the resonant frequencies near the target frequency (25 kHz)
were 25.2 kHz (calculated using ECM with the mechanical impedance
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Fig. 5. Acoustic pressure field and far-field beam patterns of the flat plate transducers and stepped-plate transducers of first ((a)–(b)) and second ((c)–(d)) design examples,
respectively.
Fig. 6. (a) Cross-sectional schematic of the transducer components. Fabrication process of the polymer composite steps: (b) mounted silicone mold on the jig for polymer injection,
(c) injection of liquid polymer composite, (d) detaching the silicone mold after curing, and (e) gate mark removal and surface polishing. Photographs of the fabricated transducer:
(f) front and (g) side views.
of the plate obtained by MMPT), 25.1 kHz (without steps, calculated
using FEM), and 24.9 kHz (with steps, calculated using FEM). The
response of the ECM with MMPT is substantially comparable to that of
FEM without steps, whereas ECM with CPT deviate from it. Attaching
the polymer steps caused only a negligible shift in resonance frequency.
The velocity response curve without steps had a similar tendency to the
others that include the steps; this comparison implies that the intricate
design procedure for the conventional SPT can be simplified by using
polymer-composite steps.

As a second example, we designed the PCSPT with the purpose
of using it as a source for PAs [11] that have a target frequency of
around 75 kHz. We selected a radiating plate that had a diameter
of 50 mm and a thickness of 1 mm. In this case, ℎ∕𝑅 = 0.02 and
the mode number and frequency calculated using MMPT are 9 th
and 74.94 kHz. The driving component is built in a similar fashion
to the first example. In Fig. 4(d), the resonant frequencies near the
target frequency were 76.1 kHz (calculated using ECM with MMPT),
76.3 kHz (without steps, calculated using FEM), and 76.3 kHz (with
steps, calculated using FEM). The difference in mode shape (illustrated
in Fig. 4(b)) and in resonant frequency are insignificant after the steps
are implemented; these results are similar to the previous example. The
material properties of polymer composites can be tailored to minimize
their influence on the resonant frequencies and mode shapes. We will
explore this idea in subsequent work.
6

The far-field beam patterns and acoustic pressure field (Fig. 5) of
the designed transducers demonstrate the effects of the polymer steps.
The plate transducers that lack steps suffer from poor directivity due
to destructive interference caused by the incoherent phase of bending
modes. In contrast, the stepped-plate transducers form coherent as a
result of the half-wavelength spatial delay imposed by the steps; and
consequently, generate highly-directional waves. In summary, the light
and flexible nature of the polymer composite steps has little effect
on the mechanical behavior of the radiating plate; therefore, use of
these steps enables adequate design without considering the steps in the
theoretical model. In addition, the developed ECM loosens constraints
on geometry and target frequency, and thereby enables development of
high-power ultrasonic transducers for a wide range of applications. A
reliable wide-band frequency response of transducers that have thin to
moderately-thick plates can be achieved.

5. Experimental results

5.1. Transducer fabrication

In this study, the PA source transducer i.e., the second designed
transducer, was fabricated Fig. 6(a) for experimental testing. All part
except the PZT ceramics were manufactured by machining. All the
components are fastened with a bolt to complete the assembly. A
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Fig. 7. Experimental setup for (a) vibration and (b) acoustic characteristics measurements.
Fig. 8. Vibration characteristics of the transducer: (a) Ninth mode shape and (b) velocity response. Both experimental results are compared with the predictions.
polytetrafluoroethylene (PTFE) tube was inserted between the bolt
and PZT ceramics to prevent electrical breakdowns, which may occur
when driving voltage is high [10,11]. The polymer-composite steps
can be easily fabricated using the silicone mold as described in [11].
The fabrication process of the polymer-composite steps is shown in
Fig. 6(b)–(e). Fig. 6(f) and Fig. 6(g) show the front and side views of
the fabricated transducer.

5.2. Experimental set-up

The experiment involved measurement of vibration characteristics
and acoustic characteristics, specifically. Fig. 7(a) shows the experi-
mental setup for measuring the mode shapes and velocity responses.
The input electric signal generated by the frequency response analyzer
(FRA 5097; NF Corporation) was amplified by the power amplifier
(HSA 4052; NF Corporation) and a voltage of 10 Vpk was applied.
The vibration characteristics of the transducer were measured using
a laser Doppler vibrometer (OFV-505; Polytec) and a controller (OFV-
5000; Polytec). The measured signal was visualized by the frequency
response analyzer. The mode shape was measured by using a linear
stage to move the transducer in the radial direction. The acoustic
measurements (Fig. 7(b)) were conducted in a semi-anechoic chamber
(3m × 3m × 2m). The input signal was applied to the transducer by
using a function generator (33522B; Keysight) and a power amplifier
(HSA 4052; NF Corporation). The primary waves were measured using
a high-frequency calibrated reference microphone (1∕8′′ Type 4138;
Brüel & Kjær), and the difference frequency waves were measured using
an audio-frequency calibrated reference microphone (1∕2′′ Type 4192;
Brüel & Kjær). The measured acoustic signal was amplified using a
microphone amplifier (Nexus 2690; Brüel & Kjær) then analyzed using
a signal analyzer (SR 785; Stanford Research Systems).

5.3. Vibration measurements

The mode shapes were obtained by measuring the velocities at
multiple points on the flat and the stepped plates. The frequency
response was estimated relative the center velocity of the plate. The
7

Fig. 9. Predicted and measured sound pressure levels of the primary waves.

measurement range was 60 kHz to 90 kHz, which covers the operating
frequency. Fig. 8(a) shows a comparison of the predicted and exper-
imental results for the ninth-order mode shape before and after the
steps were attached. We can see that the plate behaved in the desired
flexural mode even after the steps are attached. The calculated and
measured velocity responses (Fig. 8(b)) show some errors, which prob-
ably occurred because of structural asymmetry and slight differences
in boundary conditions and mechanical properties. Nevertheless, the
measurement results tended to agree with the calculated results.

5.4. Acoustic measurements

5.4.1. Primary waves
Primary waves are high-frequency ultrasounds that are emitted

directly from the transducer. To accurately detect the primary waves,
a microphone with a flat sensitivity up to the high-frequency range
is required; therefore, we used a high-frequency 1∕8′′ microphone. To
avoid near-field interference, the 1∕8′′ microphone was placed 2 m
from the Rayleigh range (𝜋𝑟2plate∕𝜆PW = 1.72 m) that represents the
far-field region.
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Fig. 10. Beam patterns of the transducer with and without steps around the target ultrasonic frequency.
The measured sound pressure level (SPL) of the primary waves show
two resonant peaks, one at 72.8 kHz and one at 76.1 kHz for SPL of
115 dB and 112 dB, respectively, which agree well with the FEM results
at 74.1 kHz and 76.6 kHz; the relative error for the resonant frequencies
is 1.5% and 0.9%, respectively (Fig. 9). One important characteristic of
the PCSPT is the sound directivity, which is clear from the beam pat-
terns. Measured and predicted beam patterns (Fig. 10) were obtained in
the range from −60◦ to 60◦. The flat plate cannot generate directional

aves because of the strong destructive interference whereas highly-
irectional waves are formed after the polymer-composite steps are
ttached. The experimental results were in good agreement with the
redictions, and the half-power beamwidth (HPBW) of all the beam
atterns were ≤5◦; the sidelobe levels were ≥15 dB.

.4.2. Difference frequency waves
The fabricated transducer in this work can be used as a PA di-

ectional loudspeaker [10,11]. The difference frequency wave (DFW),
hich is a PA sound, has a frequency that is the difference between the

wo primary frequencies. To produce a DFW sound, a modulated input
ignal is required. The input electrical signal to generate the PA sound
aves is

Input = 𝑉1 sin(𝜔𝑐 𝑡)+𝑉2 sin
[

(𝜔𝑐 + 𝜔𝑚)𝑡
]

, 𝜔𝑐 = 2𝜋𝑓𝑐 , 𝜔𝑚 = 2𝜋𝑓𝑚, (21)

where 𝑓𝑐 is the carrier frequency, and 𝑓𝑚 is the modulation frequency
hat covers the audible sound range. Here, 𝑓𝑐 was fixed at 72.8 kHz,
hich is the first peak that shows the highest SPL among the two

esonances, and both the input voltage 𝑉1 and 𝑉2 were set to 25 Vpk.
he microphone for detecting the DFW signal was positioned at a
istance of 1 m from the transducer to avoid any spurious sounds.
heoretically, the SPL of a PA sound at the source is zero [50]. As
he primary waves propagate, SPL of the PA increases cumulatively.
owever, it is often detected to be higher than the theoretical value
ecause of the non-linearity of the receiving microphone [51]. To
ccurately measure the DFW sound, it must be free from any non-linear
istortion signals (spurious sounds) produced by a microphone that
s exposed to high-intensity primary waves [50,52]. In this study, we
sed an audio-frequency 1∕2′′ microphone at a distance ≥1 m from the
ransducer to ensure that it would be free from spurious sounds because
he total harmonic distortion (THD) was ≤0.01% [11]. SPL of the DFW
8

Fig. 11. Sound pressure level of the parametric array sounds (difference frequency
waves).

was measured from 500 Hz to 20 kHz (Fig. 11). In Fig. 12, the measured
beam patterns of DFW were compared with the results of the numerical
calculations using the Khokhlov–Zabolotskaya–Kuznetsov (KZK) time-
domain simulation package, called Texas code [53]. All the DFW beam
patterns had HPBWs ≤5◦ and sidelobe levels ≥15 dB. Also, all the major
lobes showed high directivity and similar narrow beam shapes for the
KZK numerical results. All of these experimental results confirm that
the transducer was well manufactured and that its responses are similar
to those predicted.

6. Conclusions

This article has presented an analytical model to design a polymer-
composite stepped-plate ultrasonic transducer. We utilized the modified
Mindlin plate theory, which enables accurate calculation of the me-
chanical impedance of a plate, irrespective of frequency and thickness-
to-radius ratio. Also, since the polymer-composite steps can be adopted
for other high-power ultrasonic applications of SPT, our proposed
model can enhance the design efficiency since it enormously reduces
the sophisticated analysis of the vibratory response of the stepped-plate.
Numerical design examples and experimental results confirmed that
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Fig. 12. Beam patterns of the difference frequency waves: (a) 𝑓𝑚 = 2 kHz, (b) 3 kHz, (c) 5 kHz, (d) 7 kHz, (e) 10 kHz, and (f) 15 kHz.
ffective design procedure can be achievable without considering the
teps in the theoretical model, so the process of designing a stepped-
late transducer is now simplified. Our findings suggest that PCSPTs
an be simply designed by using the analytic model presented in this
ork and used in a wide range of ultrasonic applications.
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Appendix A. Material properties and geometrical dimensions of
the designed transducers

Here we provide the material properties and geometrical dimen-
sions for the transducer designs. In the first design, we used aluminum
for the transducer structure except for the piezoelectric part. And for
the second, we chose steel for the tail and aluminum for the remaining
components, excluding the piezoelectric ceramics.
9

Table A.1
Material properties.

Material Property Value

Aluminum Young’s modulus, 𝐸 72 GPa
(Al-7075) Mass density, 𝜌 2780 kg∕m3

Poisson’s ratio, 𝜈 0.33
Steel Young’s modulus, 𝐸 193 GPa
(STS-304) Mass density, 𝜌 7930 kg∕m3

Poisson’s ratio, 𝜈 0.29
PZT Elastic compliance, 𝑠𝐸11 12.0 × 10−12 m2∕N
(C-21) 𝑠𝐸12 −3.5 × 10−12 m2∕N

𝑠𝐸13 −4.5 × 10−12 m2∕N
𝑠𝐸33 15.6 × 10−12 m2∕N
𝑠𝐸44 43.5 × 10−12 m2∕N

Piezoelectric 𝑑31 −131 × 10−12 m∕V
charge constants, 𝑑33 288 × 10−12 m∕V

𝑑15 634 × 10−12 m∕V
Piezoelectric 𝑔31 −10.7 × 10−3 V m∕N
voltage constants, 𝑔33 27.2 × 10−3 V m∕N

𝑔15 37.7 × 10−3 V m∕N
Dielectric constants 𝜀𝑇11 1900
(relative), 𝜀𝑇33 1400
Mass density, 𝜌 7800 kg∕m3

Poisson’s ratio, 𝜈 0.29
Quality factor, 𝑄𝑚 1400
Loss factor, tan 𝛿 0.30%

Table A.2
Geometrical dimensions of the designed transducers (unit: mm).

𝑎𝑝 𝑡𝑝 𝑎ℎ 𝑙ℎ 𝑙𝑚 𝑙𝑝 𝑙𝑏 𝑎𝑑
Design 1 300 7.3 9 51 51 16 40 38.2
Design 2 100 1 1.5 15.3 13.9 4 12 14

Table A.3
Detailed dimensions of the polymer-composite steps (unit: mm).

𝑟𝑠1 𝑟𝑠2 𝑟𝑠3 𝑟𝑠4 𝑟𝑠5 𝑟𝑠6 𝑟𝑠7 𝑟𝑠8 𝑟𝑠9
Design 1 19.5 43.5 69.5 93.3 119.1 141.2 – – –
Design 2 4.2 9.8 15.3 20.9 26.4 32.0 37.5 43.2 48.1
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Fig. A.1. Geometries of the steps for (a) Design 1 and (b) Design 2.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ultras.2023.106933.
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